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;-"&+(+#)&+! ,%# *.&C!,%# /.!*.&'+>"%# %&  "*.'+>"%# ,% $! &'@(% !0&+*)(

0!"' &')+&%' ,%# 0'!5(8*%# ,% *.$) +>"% #0)&+)(%  -%#& 5+% % &% ," 0)#  %"=%

QRS2 ST2 U?V< N) # " 0)##. '.$% &2 ,% '+$C%# &')=)"3 &C.!'+>"%# %&  "*.'+>"%# ! &

)5!',. (%# 0'!5(8*%# ,% &') #4%'& !'5+&)( B &%*0# *+ +*)( %& . %'/+% *+ +*)(%

,) # (% 0'!5(8*% ,%# W $!'0# QX2 RT2 RX2 W?2 WS2 ??2 SYV< I%0% ,) &2 (-)00(+$)&+! 

,% $%# !"&+(# #!0C+#&+>".# )" 0'!5(8*% 0)'&+$"(+%' ,%# ? $!'0# $! #&+&"% % %((%:

*G*% " % +  !=)&+! %& #-+ #$'+& $!**% " % &C.*)&+>"% ,% '%$C%'$C% B 0)'&

% &+8'% ,%  !&'% .>"+0% QRZ2 W[V<

;% 0'.#% & ,!$"*% & %#& !'/) +#. $!**% #"+&< ;% $C)0+&'% R 0'.#% &% (% 0'!:

5(8*% ,%# ? $!'0# '%#&'%+ & >"+ 0%"& G&'% 4!'*"(. ,) # " % =%'#+! 0() % !"

#0)&+)(%< O #-+ &.'%##% % 0)'&+$"(+%' B () #&'"$&"'% ,% =)'+.&.# + =)'+) &%# )"

=!+#+ )/% ,%# 0!+ &# ,-.>"+(+5'% $!(+ .)+'%# ," 0'!5(8*%< D!"# % %30(+>"! #

(-"&+(+#)&+! 0!"' () $! $%0&+! ,% &')E%$&!+'%# #0)&+)(%# 0%" $!\&%"#%# % . %':

/+%< ;% $C)0+&'% W + &'!,"+& (%# *.&C!,%# ,% $! &'@(% !0&+*)( #"' (%#>"%((%# #-)0:

0"+% &  !# &')=)"3< ;% 0'+ $+0% ," *)3+*"* %& (%# $! ,+&+! # ," #%$! , !','%

$! #&+&"% & (%# 4! ,%*% &# /.!*.&'+>"%# #"' (%#>"%(# '%0!#% & (%# *.&C!,%#  ":

*.'+>"%# ,% &+' %& ,% $! &+ ")&+! *+#%# % !%"='% 0!"' $)($"(%' (%# &')E%$&!+'%#

!0&+*)(%#< ;% $C)0+&'% ? 0'!0!#% " '.#"*. ,%# .&",%# % &'%0'+#%# %& ,%# '.#"(:

&)&# !5&% "# )" $!"'# ,% $%&&% &C8#%< D!"# *%&&! # (-)$$% & #"' (%# ,+6.'% &#

0'+ $+0%# ,-+ +&+)(+#)&+! "&+(+#.# 0!"' /)') &+' (-%M$)$+&. ,%# *.&C!,%# ,% &+'

%*0(!7.%# ,"') &  !# '%$C%'$C%#< D!"# + &'!,"+#! # ./)(%*% & " 0'+ $+0% ,%

'%$!((%*% & ,% &')E%$&!+'%# B . %'/+% *+ +*)(% ,) # (%# ]! %# ,-)&&')$&+! &%':

'%#&'% %& (" )+'% %& )" =!+#+ )/% ," 0!+ & ,-.>"+(+5'% L1 ," #7#&8*%< D!# $! &'+:

W





 



 !"#$%&' (

 ! "#$%&'(! #!)*#!+,* -!) .

/$#")

 ! "# $%&'()*# +#, N -&%$,

 !"#$%&'%# (!)*+$,$%& -$ .!'(-*,$ /)& /$# N 0'!.# '1 N /"#)2%$ 3% $%&)$!

%4&3!$- #3."!)$3! '3 "24- 5 6 789:; <- #=42)& /="&3/)$! -$ ,'3+$,$%& /$ N .4!&)>

03-$# /$ ,4##$# m1, . . . ,mN "+'-34%& /4%# -$ !"?"!$%&)$- @4-)-"$% R
3
$& #'3,)#$#

5 -4 #$3-$ )%A3$%0$ /$ -$3! 4&&!40&)'% 2!4+)&4&)'%%$--$ ,3&3$--$; B'&'%# qi ∈ R
3

-$ +$0&$3! .'#)&)'% /$ -4 i*,$ .4!&)03-$; C$ +$0&$3! q = (q1, . . . , qN ) ∈ R
3N

$#&

4..$-" +$0&$3! /="&4& $& #$-'% -4 -') ?'%/4,$%&4-$ /$ -4 /D%4,)E3$F -$# "E34&)'%#

/3 ,'3+$,$%& #="0!)+$%&

Mq̈ = −∂U

∂q
GH;HI

'1 U $#& -$ .'&$%&)$- ,"04%)E3$ /"J%) .4!

U = −
∑

1≤i<j≤N

Gmimj

|qj − qi|

$& M $#& -4 ,4&!)0$ /)42'%4-$

M =




m1 0
;

;

;

0 mN


 .

K"J%)##'%# -$ C42!4%2)$% L = T − U '1 T = 1
2

∑N
i=1 miq̇

2
i !$.!"#$%&$ -="%$!2)$

0)%"&)E3$ /3 #D#&*,$; C="E34&)'% /3 ,'3+$,$%& H;H .$3& 4-'!# #="0!)!$ #'3#

?'!,$ /=3%$ "E34&)'% /=L3-$!>C42!4%2$

d

dt

∂L

∂q̇
− ∂L

∂q
= 0 GH;6I

/'%& -$# #'-3&)'%# ,)%),)#$%& -'04-$,$%&F $% +$!&3 /3 .!)%0).$ /$ ,')%/!$ 40>

&)'%F -4 E34%&)&"

S(q(.)) =
∫

L(q, q̇)dt.

8



 ! "#$%!& pi = miq̇i ∈ R
3, i = 1, . . . , N ' ()$ $*$&+,)$ -.- )& -./ 0)12)!!)!&

34521%()!&$ %5 $*$&+,) 6%,2(&#!2)!

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
7-.89

#: (% ;#!<&2#! 6%,2(&#!2)!!) H )$& 0#!!3) "%=

H = T + U =

N∑

i=1

‖ pi ‖2
2mi

+ U

)& () 1)<&)5= p = (p1, . . . , pN ) ∈ R
3N

)$& %"")(3 1)<&)5= ,#,)!&. >) "=#?(+,)

0)$ N <#="$ )$& %2!$2 ;#=,%(2$3 "%= 5! $*$&+,) 0) @N 345%&2#!$ 05 "=),2)=

#=0=) 0#!& #! ")5& ,#!&=)= 45A2( %0,)& -B 2!&3C=%()$ "=),2+=)$ !#! &=212%()$'

1#2= "%= )D),"() E-FG. H!) $2,"(2I<%&2#! 0) <) "=#?(+,) <#!$2$&) J $5""#$)= 45)

()$ N "#2!&$ ,%$$245)$ %""%=&2)!!)!& %5 "(%! R
2
. >) =3;3=)!&2)( K%(2(3)! 5&2(2$3

")5& %(#=$ L&=) =),"(%<3 "%= 5! =)"+=) )! =#&%&2#!.  ! )M)&' )! "#$%!&

K =

(
0 1
−1 0

)
' exp(ωtK) =

(
cosωt sinωt
− sinωt cosωt

)
'

#! 2!&=#052& (A)!$),?() 0)$ <##=0#!!3)$ )! =#&%&2#! 5!2;#=,) 03I!2)$ C=N<) J (%

&=%!$;#=,%&2#!

ui = exp(ωtK)qi' vi = exp(ωtK)pi.

H! <%(<5( <(%$$245) EFOG ;#5=!2& %(#=$ (A )D"=)$$2#! 05 P%,2(&#!2)! 05 "=#?(+,)

0)$ N <#="$ 0%!$ ()$ <##=0#!!3)$ )! =#&%&2#!

H =
N∑

i=1

‖ v ‖2
2mi

−
N∑

i=1

ωuT
i Kvi −

N∑

1≤i<j≤N

Gmimj

‖ qi − qj ‖
.

 ! -@QR' S$$%< T)U&#! 3!#!V%2& 0%!$ $)$ <3(+?=)$  !"#$"%&' ()*+,()*"-.&'

/& %+"01'1%+"& #)*.!&00& EWBG (A2!&3C=%?2(2&3 05 "=#?(+,) 0)$ / <#="$' 0#!& #!

")5& ,#!&=)= 45) ()$ &=%X)<&#2=)$ $%&2$;#!& ()$ 345%&2#!$ 0) <#!245)$ "%=&2<5Y

(2+=)$. >% "=),2+=) (#2 0) Z)"()=' $&2"5(%!& 45) ()$ "(%!+&)$ 03<=21)!& 0)$ )((2"$)$

0#!& () $#()2( )$& 5! ;#*)=' 3&%2& %2!$2 X5$&2I3). S( ;%((5& %&&)!0=) (% I! 05 [S[)

$2+<() )& ()$ &=%1%5D 0) \#2!<%=3 EW8G "#5= $%1#2= 45) () "=#?(+,) 0)$ N <#="$

!A)$& "%$ 2!&3C=%?() "#5= N ≥ 3. >)$ $#(5&2#!$ 05 "=#?(+,) 0)$ 8 <#="$ $#!&
"%= <#!$345)!& =)(%&21),)!& ,3<#!!5)$' ?2)! 45) <)=&%2!)$ &=%X)<&#2=)$ =),%=Y

45%?()$ ;5$$)!& ,2$)$ )! (5,2+=)$ "%=  5()= )& >%C=%!C) 0+$ () []SS) $2+<().

^%!$ (% $52&) 0) <) <6%"2&=)' #! "=3$)!&) () <3(+?=) "=#?(+,) =)$&=)2!& 0)$ 8

<#="$' $2,"(2I<%&2#! 05 "=#?(+,) 0)$ 8 <#="$ 0%!$ ()45)( (% ,%$$) 0) (% &=#2Y

$2+,) "%=&2<5() )$& $5""#$3) !3C(2C)%?() )! <#,"%=%2$#! 0)$ 0)5D %5&=)$. _)

,#0+() )$& !#&%,,)!& ")=&2!)!& "#5= 03<=2=) () ,#51),)!& 0A5! $%&)((2&) $#5Y

,2$ %5D ;#=<)$ C=%12&%&2#!!)(()$ 0) 0)5D "(%!+&)$. S( ")5& L&=) ;#=,5(3 0) 0)5D

,%!2+=)$ 02M3=)!&)$ `

a 0%!$ () "=#?(+,) =)$&=)2!& 0)$ 8 <#="$ "(%!' #! $5""#$) 45) (% "%=&2<5()

0) ,%$$) !3C(2C)%?() 31#(5) 0%!$ () "(%! 03I!2 "%= (% =#&%&2#! 0)$ 0)5D

"%=&2<5()$ "=2!<2"%()$ %5&#5= 0) ()5= <)!&=) 0) ,%$$)'

a 0%!$ () "=#?(+,) =)$&=)2!& 0)$ &=#2$ <#="$ $"%&2%(' #! &2)!& <#,"&) 0) (%

02=)<&2#! 1)=&2<%() 0) $#=&) 45) (% "%=&2<5() 0) ,%$$) !3C(2C)%?() 31#(5)

0%!$ R
3.

@



 !" #$ %&'()*+$ &$,-&$./- 0$, 1 2'&%, %)3/

 ! "!#$%&'"# &(!) *+##+ )+*#"%! ,+ -$%.,/0+ $+)#$+"!# &+) 1 *%$-) -,(!2 3+

0%&/,+ 0(#450(#"6'+ ( 5#5 ,($7+0+!# 5#'&"5 +# ,+) %'8$(7+) &+ 9:+.+4+,; <=>? +#

@($*4(, <AA? +! %B$+!# #%') +'C '!+ &+)*$"-#"%! +C4(')#"8+2 D, -$5)+!#+ ,E"!#5$F#

&+ G%'$!"$ '! *(&$+ (&56'(# H ,E5#'&+ &E(--$%C"0(#"%!) &+ #$(!)G+$# %$."#('C

+!#$+ &+'C -,(!/#+)I *+ 6'" +C-,"6'+ )%! $+*%'$) &(!) &+ #$/) !%0.$+'C #$(8('C

&+ 05*(!"6'+ )-(#"(,+2 JE%.K+# &+) -(7+) 6'" )'"8+!# +)# &+ $5)'0+$ ,+) -$%-$"5#5)

+# *($(*#5$")#"6'+) &' -$%.,/0+ $+)#$+"!# &+) #$%") *%$-) -,(! &%!# ", )E(8/$+ 6'+

,E'#",")(#"%! -+$0+# ,( *%!*+-#"%! &+ 0"))"%!) )-(#"(,+) H G(".,+ *%L# 5!+$75#"6'+2

 !"! #$%&'()*+ ,% -)%./-/*'

9%"+!# &+'C *%$-) &+ 0())+) M1 +# M2I (--+,5)  !"#$"!%&I &%!# %! )'--%)+

6'E",) &5*$"8+!# '! 0%'8+0+!# *"$*',("$+ '!"G%$0+ ('#%'$ &+ ,+'$ *+!#$+ &+ 0())+

G2 M! #$%")"/0+ *%$-) &+ 0())+ M3I !57,"7+(.,+ (' $+7($& &+ M1 +# M2I +)#

)'--%)5 58%,'+$ &(!) ,+ -,(! &5N!" -($ ,( $%#(#"%! &+) &+'C -$"0("$+) +# *+ )(!)

"!O'+!*+$ ,+'$ 0%'8+0+!#2 P%'$ )+ $(0+!+$ H '! -$%.,/0+ )(!) &"0+!)"%!I %!

*%!)"&/$+ ,+) !%$0(,")(#"%!) )'"8(!#+) Q ,( )%00+ &+) 0())+) M1+M2 +)# NC5+ H

RI &+ 0F0+ 6'+ ,( &")#(!*+ +!#$+ ,+) &+'C -$"0("$+) +# ,E'!"#5 &+ #+0-) *%!)"&5$5+

+)# #+,,+ 6'+ ,( *%!)#(!#+ 7$(8"#(#"%!!+,,+ 8('# 57(,+0+!# R2 P($ *%!)56'+!#I

,( 8"#+))+ (!7',("$+ &+) -$"0("$+) +)# *%!)#(!#+ 57(,+ H R +# ,+'$ -5$"%&+ &+

$58%,'#"%! ('#%'$ &+ S +)# 57(,+ H 2π2 9'--%)%!) M1 ≥ M2 +# !%#%!) M2 =
µ +# M1 = 1 − µ2 P($ *%00%&"#5I %! "!#$%&'"# '! );)#/0+ &+ *%%$&%!!5+)
&;!(0"6'+) (x, y) +! $%#(#"%! '!"G%$0+ ('#%'$ &+ G +# &+ 0F0+ 8"#+))+ (!7',("$+
6'+ ,+) -$"0("$+)I &%!# ,+) -%)"#"%!) &(!) ,+ -,(! )%!# ("!)" NC5+) H (−µ, 0) +#
(1 − µ, 0)2  ! ( ("!)" &5N!" ,+ !% '!% &()*+",-%2 J+ 0%'8+0+!# &' #$%")"/0+

*%$-) +)# (,%$) &5*$"# -($ ,+) 56'(#"%!)

ẍ− 2ẏ =
∂Ω

∂x

ÿ + 2ẋ =
∂Ω

∂y

TR2AU

%V −Ω +)# ,+ -%#+!#"+, &' );)#/0+ &5N!" -($

Ω =
1

2
(x2 + y2) +

1− µ

ρ1
+

µ

ρ2

+# ρ1 +# ρ2 )%!# ,+) &")#(!*+) ('C -$"0("$+)

ρ1 =
√
(x+ µ)2 + y2

ρ2 =
√
(x− 1 + µ)2 + y2.

 !"!" 0)1-&2(+-/ 3&-(2')*(/* /' 145()*+ ,/ 6(22

J+ -$%.,/0+ $+)#$+"!# &+) 1 *%$-) -,(! (&0+# '!+ G%$0',(#"%! 4(0",#%!"+!!+2

W! +B+#I +! &5N!"))(!# ,+) !%'8+,,+) 8($"(.,+)

q1 = xI q2 = yI p1 = ẋ− yI q2 = ẏ + x TR2XU

Y



 !"#$%  ! " #$ %&%'()$ *$ +,,-*,../$% *&.0)123$% (x, y) $4$+'3$ 3.$ -,'0'1,.
*$ 51'$%%$ 0.63701-$ /607$ 8  *0.% 7$ %$.% '-16,.,)/'-123$ -$70'15$)$.' 03

%&%'()$ *$ +,,-*,../$% 1.$-'1$77$% (X,Y )!

7$% /230'1,.%  !9 :$35$.' ;'-$ -//+-1'$%

q̇ =
∂Hp

∂p
, ṗ = −∂Hp

∂q
< !=>

,? 7$ @0)17',.1$. HpA *,../ :0-

Hp(q, p) =
1

2
(p21 + p22) + p1q2 − p2q1 −

1− µ

ρ1
− µ

ρ2
, < !B>

$%' 3.$ 1.'/6-07$ :-$)1(-$ *3 ),35$)$.' 0::$7/$  !"#$%" %!& $#'("! C7 %D$. %31'A

$. %3E%'1'30.' 7$% +,,-*,../$% (x, ẋ, y, ẏ) 8 (q, p) *0.% 7D$F:-$%%1,. *$ HpA 23$

70 230.'1'/

E(x, y, ẋ, ẏ) =
ẋ2 + ẏ2

2
− Ω(x, y)

$%' +,.%'0.'$ 7$ 7,.6 *$% '-0G$+',1-$% *3 %&%'()$  !9 <17 +,.51$.' *$ )$.'1,..$-

23$ 70 71''/-0'3-$ H01' %,35$.' -/H/-$.+$ 8 70 +,.%'0.'$ *$ I0+,E1 C = −2E :73'J'

23D8 7D/.$-61$ 1.'/6-07$ $77$K);)$>! L. $%' 01.%1 0)$./ 8 +,.%1*/-$-A :,3- *$%

507$3-% *$ e $' µ MF/$%A 7$% %3-H0+$% *D/.$-61$ *$ 7D$%:0+$ *$% :N0%$%

M(µ, e) = {(x, y, ẋ, ẏ) | E(x, y, ẋ, ẏ) = e}

*0.% 7$%23$77$% %,.' +,.'-01.'$% *D/5,73$- 7$% '-0G$+',1-$% %,73'1,.%! L. 0::$77$

# $%)! *" +%(( 70 :-,G$+'1,. *$ 70 %3-H0+$ *D/.$-61$ M(µ, e) %3- 7D$%:0+$ *$%

:,%1'1,.%

H(µ, e) = {(x, y) | Ω(x, y) + e ≥ 0}.
#0 ',:,7,61$ *$ 70 -/61,. *$ @177 :,%%(*$ +1.2 :,-'-01'% *14/-$.'%! O. $4$'A :,3-

3.$ 507$3- *$ µ MF/$A 17 $F1%'$ 230'-$ .15$03F *D/.$-61$ +-1'123$% .,'/% e1, e2, e3
$' e4 '$7% 23$ e1 < e2 < e3 < e4 231 :$-)$''$.' *$ *1%'1.63$- +1.2 -/61,.% *$

),35$)$.' :,%%1E7$% P

Q





 !" #$%#&"$'($'( )*'+ !$" !*+,! ",( *'" *- !$"  './$'+$" )$" )$/0 %# 1, #$" "$

+*1%$'"$'(2 3!" 4&# 5$'( %,# )&5' ( *' !$" &6,! (&"

ẋ = ẏ = ẍ = ÿ = 0,

$(7 ,/ #$6,#) )$ !8&9/,( *' :2;7 "*'( )*'+ !$" "*!/( *'" )/ "<"(=1$

− x+ (1− µ)
x+ µ

ρ31
+ µ

x− 1 + µ

ρ32
= 0

− y + (1− µ)
y

ρ31
+ µ

y

ρ32
= 0

>:2?@

A' ) "( '6/$ (*/( )8,B*#) (#* "  !"#$% &!'"#()"*+%7 &6,!$1$'( ,%%$!&"  !"#$%

,-./'+*7 '*(&" L1, L2 $( L3 $( " (/&" "/# !8,0$ y = 02 C$/# %*" ( *' #$"%$+( 4$ $"(

+,!+/!&$ $' ) 4 ",'( !8,0$ )$" x $' (#* " %,#( $"7 4* # DEFG2 3!!/"(#*'" +$(($ 1&(H*)$

$' #$+H$#+H,'( !$" %* '(" )8&9/ ! B#$ +*! '&, #$" )*'( !8,B"+ ""$ ,%%,#( $'( ,/

"$61$'( S1 =]µ− 1, µ[2 I/ "9/$ !$/# *#)*''&$ $"( '/!!$7 !$ %#*B!=1$ +*'" "($ J

)&($#1 '$# !$" "*!/( *'" )$ !8&9/,( *'

−x+
1− µ

(x+ µ)2
+

µ

(x− 1 + µ)2
= 0 >:2K@

,%%,#($','( J S12 L*(*'" γ1 !, ) "(,'+$ )8/'$ "*!/( *' x1 )$ +$(($ &9/,( *' J

!, %!/" %$( ($ )$" %# 1, #$"2 M$ !8&6,! (& x1 = 1−µ−γ17  ! 4 $'(7 $' "/B"( (/,'(

),'" :2K7 9/$ γ1 $"( "*!/( *' )$

1− γ1 − µ− 1− µ

(1− γ1)2
− µ

γ2
1

= 0 >:2:F@

9/$ !8*' #&&+# ( "*/" !, N*#1$ )$ !8&9/,( *' )/ + '9/ =1$ *#)#$

γ5
1 − (3− µ)γ4

1 + (3− 2µ)γ3
1 + µγ2

1 − 2µγ1 + µ = 0. >:2::@

M8,%#=" !, #=6!$ )$ M$"+,#($"7 +$(($ &9/,( *' ,)1$( /'$ /' 9/$ "*!/( *' %*" ( 4$

" 0 < µ ≤ 1
2 $( /'$ /' 9/$ "*!/( *' #&$!!$ %*/# µ = 02 A' %$/( 1*'(#$# DEFG

9/$ !, "*!/( *' γ1 $"( )*''&$ %,# !$ )&4$!*%%$1$'( $' "&# $

γ1 = r1(1−
1

3
r1 −

1

9
r21 − . . . ) >:2:O@

*- r1 = (µ3 )
1

3
2 A' %$/( , '" +,!+/!$# '/1&# 9/$1$'( /'$ 4,!$/# ,%%#*+H&$

)$ γ1 $' /( ! ",'( /'$ 1&(H*)$ )$ L$P(*'  ' ( ,! "&$ ,4$+ r1 $( $' )&)/ #$ !,

4,!$/# )$ !8/' 9/$ %* '( )8Q/!$# L1 )*'( !8,B"+ ""$ ,%%,#( $'( ,/ "$61$'( S12 Q'

#$1%!,R,'( S1 %,# S2 =]µ,+∞[ */ S3 =]−∞, µ−1[ $( $' ,),%(,'( !, 1&(H*)$

%#&+&)$'($7 *' !*+,! "$ !$" )$/0 ,/(#$" %* '(" )8Q/!$# L2 $( L32 I#&+ "*'" 9/$

),'" !$ "<"(=1$ S$##$TC/'$7 %*/# !$9/$! µ = 1.2153e−27 !$" ,B"+ ""$" #$"%$+( 4$"

)$" %* '(" )8Q/!$# L17 L2 $( L3 "*'( )*''&$" %,#

x1 ≃ 0.8369, x2 ≃ 1.1557, x3 ≃ −1.0051.

A'  )$'( 5$ &6,!$1$'( )$/0  !"#$% (0/"')$(*)/1 */  !"#$% ,+ 2)3*)#3+ )*'(

!8*#)*''&$ '8$"( %," '/!!$2 I*/# +$ N, #$7  ! "/U( )8$0%# 1$# !$" +**#)*''&$" )/

4$+($/#

v =

(
−x+ (1− µ)x+µ

ρ3

1

+ µx−1+µ

ρ3

2

−y + (1− µ) y

ρ3

1

+ µ y

ρ3

2

)

:F



 !"#$%  !" # $%&'()%*+,+-.* /%) &.-*+) /0(12-3-4'% /2 )5)+67% 8%''%9:2*% /,*)

3%) ;..'/.**(%) %* '.+,+-.* /2 &'.4367% '%)+'%-*+ /%) " ;.'&) &3,*! :%) &'-7,-'%)

T %+ L )574.3-)%*+ '%)&%;+-<%7%*+ 3, 8%''% %+ 3, :2*%!

/,*) 3, 4,)% {v1, v2} = {(x, y), (−y, x)} %+ /% /(+%'7-*%' 3%) &.)-+-.*) %* 3%)9

12%33%) %33%) )0,**23%*+! =3 )0,>-+ /.*; /% '().2/'% 3% )5)+67%

〈v, v1〉 = 0,

〈v, v2〉 = 0
? ! "@

(12-<,3%*+ A

(1− µ)
(x+ µ)y − xy

ρ31
+ µ

(x− 1 + µ)y − xy

ρ32
= 0,

− x2 − y2 + (1− µ)
(x+ µ)x− y2

ρ31
+ µ

(x− 1 + µ)x− y2

ρ32
= 0

? ! B@

/.*+ -3 *0%)+ &,) /-C;-3% /% 7.*+'%' 12% 3%) ).32+-.*) <('-D%*+

ρ1 = ρ2 = 1. ? ! E@

F* /(+%'7-*% ,-*)- /%2G &.-*+) /0(12-3-4'% L4 %+ L5 12- H.'7%*+ ;I,;2* 3% +'.-9

)-67% ).77%+ /02* +'-,*>3% (12-3,+(',3 ,<%; 3%) &'-7,-'%) %+ ,/7%++%*+ /.*;

'%)&%;+-<%7%*+ &.2' ;..'/.**(%) ( 12 ,
√
3
2 ) %+ ( 12 ,−

√
3
2 )!

:0(+2/% /% 3, /5*,7-12% ,2 <.-)-*,>% /%) &.-*+) /0J23%' %)+ ;'2;-,3%! K.77%

*.2) 30%G&3-12%'.*) /,*) 3, )%;+-.*  !L!EM %33% &%'7%+ /% 7%++'% %* (<-/%*;% 3,

)+'2;+2'% /%  !"#$%$& #' !"#!'%(& 2+-3-)(% &.2' 3, ;.*;%&+-.* /%) 7-))-.*) )&,9

+-,3%) A H,-43% &.2))(%! K%;- *(;%))-+% /% 3-*(,'-)%' 3%) (12,+-.*) /2 7.2<%7%*+

,2+.2' /%) &.-*+) /0(12-3-4'%!

 !"!# $%&'()%*(+%,& (- .,%*%&(/0 10* 2,%&+* 13'4-%5%6)0

N-G.*) i ∈ {1, . . . , 5} %+ *.+.*) (xi, yi) 3%) ;..'/.**(%) /2 &.-*+ /% :,>',*>%

Li! :%) ;..'/.**(%) /02* &.-*+ ,2 <.-)-*,>% /% Li &%2<%*+ )0(;'-'% (xi+x, yi+y)

  



 !" #$%&'() *+," -.'/0 1!

ẍi + ẍ− 2(ẏ + ẏi) =
∂Ω

∂x
(xi + x, yi + y)

ÿi + ÿ + 2(ẋ+ ẋi) =
∂Ω

∂y
(xi + x, yi + y).

2*+*34

51 #.- 67&& 8 1! 6/8/!. # Ω 9 6$7'#' : ;7<'1/!

Ω(xi + x, yi + y) =Ω(xi, yi) +
∂Ω

∂x
(xi, yi)x+

∂Ω

∂y
(xi, yi)y

+
1

2

∂2Ω

∂x2
(xi, yi)x

2 +
1

2

∂2Ω

∂y2
(xi, yi)y

2 +
∂2Ω

∂x∂y
(xi, yi)xy

+ o(x2)

#71! 71 #.#</!"  1 #.'/-%1! &</) =!%1! 6 ) ! '8 ) #$7'#' )<&.'/ <' 9 :" 6 )

.><%!/71) 6/1.%'/). ) #< 87<- 8 1! %<!7<' # Li

ẍ− 2ẏ =
∂2Ω

∂x2
(xi, yi)x+

∂2Ω

∂x∂y
(xi, yi)y

ÿ + 2ẋ =
∂2Ω

∂y2
(xi, yi)y +

∂2Ω

∂x∂y
(xi, yi)x.

 !"!#$

%& '()*&+ X = (x, y, ẋ, ẏ), -./01*+2(& '3/4/56&+6 )./432+ )(1) 7(386 8*+32426--6

Ẋ = AiX  !"!9$

(: -* 8*+3246 Ai 6)+ 5(&&/6 '*3

Ai =




0 0 1 0
0 0 0 1

∂2Ω
∂x2 (xi, yi)

∂2Ω
∂x∂y

(xi, yi) 0 2
∂2Ω
∂x∂y

(xi, yi)
∂2Ω
∂y2 (xi, yi) −2 0


 .

;68*301(&) 016 -6 4*-41- '3/4/56&+ 4(&)2)+6 )28'-686&+ < 3//43236 -6) /01*+2(&)

51 8(1=686&+ 5*&) -6 &(1=6*1 )>)+?86 56 4((35(&&/6) 6& 3(+*+2(& 3646&+3/ 6&

Li " @.6A*86& 56) =*-613) '3('36) 56 Ai '6386+ 5(&4 56 )+*+163 )13 -* )+*B2-2+/

*1 )6&) 56 @>*'1&(= 51 '(2&+ Li 5(&+ &(1) 3*''6-(&) -* 5/C&2+2(&"

 !"#$%$&# '()('( D(26&+ f 1& 4E*8' 56 =64+613) -2))6 56 R
n

6+ x∗ 1& /+*+

5./012-2B36 56 -./01*+2(& 52F/36&+26--6 ẋ = f(x)" G& &(+6 x(t, x0) -.1&2016 +3*H

I64+(236 =/32C*&+ x(0, x0) = x0" G& 52+ 016 x∗ 6)+  !"#$% "&  %' (% )*"+&',-

)2

∀ǫ > 0 ∃η > 0, |x0 − x∗| ≤ η ⇒ |x(t, x0)− x∗| ≤ ǫ, ∀t ≥ 0.

D2 x∗ 6)+ )+*B-6, (& 5/C&2+ )(& #"  .' (/"!!0"1!.,'

D(x∗) = {x0 | x(t, x0)→ x∗ 01*&5 t→ +∞}.

G& 52+ *-(3) 016 x∗ 6)+ " *2+!,!.3&%2%'!  !"#$% -(3)016 D(x∗) 6)+ 1& =(2)2&*J6

56 x∗. @(3)016 D(x∗) = R
n
, (& 52+ 016 x∗ 6)+ 4$,#"$%2%'! " *2+!,!.3&%2%'!

 !"#$%"

!K



 ! "#$%&'(! )*+,-." !)" /0-))+1*!2 ,%+& 3-& !4!(30! 562 768 3%*& *.! 9$(%.):

"&-"+%. /%(30'"!;

 !"#$%&' ()*)()  !"# ẋ = Ax $% &'&#()* +"%,-".* &$. R
n
/ 0!#!%& σ(A) =

{λ1, . . . , λn} +* &1*2#.* 3* A !4 +*& 5-+*$.& 1.!1.*& &!%# 2!)1#,*& -5*2 +*$. )$+6

#"1+"2"#,/

7/ 89!.":"%* *&# :+!;-+*)*%# -&')1#!#"<$*)*%# &#-;+* &" *# &*$+*)*%# &" !% -

ℜ(λi) < 0 1!$. i = 1, . . . , n/

=/ 89!.":"%* *&# &#-;+* &" *# &*$+*)*%# &"

>-? ℜ(λi) ≤ 0 1!$. i = 1, . . . , n/

>;? @!$. 2A-<$* 5-+*$. 1.!1.* λi #*++* <$* ℜ(λi) = 0B +*& ;+!2& 3* C!.3-%
-&&!2",& &$. C &!%# 39!.3.* n/

 ! /-0/*0 (%."&! 1*! 3%*& i = 1, . . . , 32 0- (-"&+/! Ai 3%))'9! 9!*4 ,-0!*&)

3&%3&!) &$!00!) 9%." 0<*.! !)" 3%)+"+,! !" 9!*4 ,-0!*&) 3&%3&!) +(-=+.-+&!) 3*&!);

 !) 3%+.") 9<$1*+0+>&! /%0+.$-+&!) )%." 9%./ +.)"->0!); ?%*& i = 4, 52 %. 3!*"

(%."&!& 1*! 0!) /%.9+"+%.) 9! )"->+0+"$ 9* "#$%&'(! 7;@;7 .! )%." &!(30+!) 1*!

9-.) 0! /-)

µ < 1/2(1−
√
69/9) ≃ 3.851e− 2.

A. !. /%./0*" 1*! 0!) 3%+.") L4 !" L5 )%." !. 3-&"+/*0+!& )"->0!) 9-.) 0! )B)"'(!

C!&&!: *.!;

D-.) 0- )!/"+%. )*+,-."!2 %. )! /%./!."&! )*& 0<$"*9! 9* E%" -*"%*& 9!) 3%+.")

/%0+.$-+&!) L1 !" L2; F%((! .%*) 0<-,%.) &!3&$)!."$ )*& 0- G=*&! 7;@2 3%*& *.

.+,!-* 9<$.!&=+! )*3$&+!*& H e22 0!*& ,%+)+.-=! -=+" &!)3!/"+,!(!." /%((! *.!
3-))!&!00! !."&! 0!) I%.!) 9<+.E*!./! 9! /#-1*! 3&+(-+&! !" *. 3-))-=! ,!&) 0-

I%.! !4"$&+!*&!;  <-.-0B)! 1*-0+"-"+,! 9! 0- 9B.-(+1*! H 0!*& 3&%4+(+"$ !)" !.

/%.)$1*!./! 9<*. +."$&J" "%*" 3-&"+/*0+!& 3%*& 0! 3&%>0'(! 9! "&-.)K!&" %&>+"-0;

 !"!# $%&'()*+, '+-.+/ 0,1 2.)&-1 L1 ,- L2

 !) &$)*0"-") K%.9-(!."-*4 /%./!&.-." 0- 9B.-(+1*! 9* 3&%>0'(! 9!) "&%+)

/%&3) &!)"&!+." -* ,%+)+.-=! 9!) 3%+.") L1,2 )%." 9*) H F; F%.0!B 5@78; L 0- G.

9!) -..$!) 7MNO2 +0 3*>0+- 0- 9!)/&+3"+%. 9* E%" -*"%*& 9!) 3%+.") 9! 0+>&-"+%.

1*! .%*) 3&$)!."%.) 9-.) /!""! )!/"+%.; F!" -&"+/0! K%.9-"!*& -2 .%"-((!."2

+.)3+&$ 9! .%(>&!*4 "&-,-*4 9! &!/#!&/#! 9!) $1*+3!) -($&+/-+.!) !" >-&/!0%:

.-+)!) &!)3!/"+,!(!." /%.)"+"*$!) -*"%*& 9! P;Q R-&)9!. 5ST2 SU2 SM2 6O2 672 6N8

!" F-&0!) V+(W 5@X2 @U2 @M2 SX2 SN2 XM8; Y0) /%.Z*&!." !. 3-&"+/*0+!& 9!) (+))+%.)

)3-"+-0!) *"+0+)-." 0- 9B.-(+1*! 0+>&! -*"%*& 9!) 3%+.") 9<Q*0!& 3%*& &$9*+&!

)+=.+G/-"+,!(!." 0!*& /%[" $.!&=$"+1*!;

F%((! .%*) 0<-,%.) 9$\H (!."+%..$ 9-.) 0- )!/"+%. 3&$/$9!."!2 0- (-"&+/!

Ai 9* )B)"'(! 0+.$-&+)$ $,-0*$! -* 3%+." 9!  -=&-.=! Li2 i = 1, 22 3%))'9! *.!
3-+&! 9! ,-0!*&) 3&%3&!) &$!00!) !" *.! 3-+&! 9! ,-0!*&) 3&%3&!) +(-=+.-+&!) 3*&!);

?0*) 3&$/+)$(!."2 /!) ,-0!*&) 3&%3&!) )%." 9! 0- K%&(! ±λ !" ±iν %] λ !" ν )%."
9!) /%.)"-."!) 3%)+"+,!)2 ,%+& 5@U8 3%*& 0! /-0/*0 9$"-+00$;  !) ,!/"!*&) 3&%3&!)

7S



 !!"#$%! !"&' ("&&%! ) *

uλ = (1,−σ, λ,−λσ),
u−λ = (1, σ,−λ,−λσ),
uiν = (1,−iτ, iν, ντ),
u−iν = (1, iτ,−iν, ντ),

+,-,./

 01# σ > 0 1' τ < 0- 23! 4"5*&$!!1&' 5& # (*1 ) *'$#53$6*171&' )* '$851 )"5*

%'5($1* 31 9"'  5 0"$!$& :1 (1 L1 1' L2- ;"!"&!

w1 = uiν − iu−iν , w2 = −u−iν + iuiν .

<& 1& 5'$3$! &' 31! #""*("&&%1! (ξ, η, ς1, ς2)  !!"#$%1! = 3 > !1 {uλ, u−λ, w1, w2}?
31 !@!'671 ,-,A !B%#*$'

ξ̇ = λξ,

η̇ = −λη,
ς̇1 = νς2,

ς̇2 = −νς1

+,-CD/

("&' 31! !"35'$"&! 1E)3$#$'1! !"&'

ξ(t) = ξ0 expλt,

η(t) = η0 exp−λt,

ς1(t) = ς01 cos νt+ ς02 sin νt

ς2(t) = ς02 cos νt− ς01 sin νt.

+,-C,/

"F ξ0, η0, ς01 1' ς02 *1)*%!1&'1&' 31! #"&($'$"&! $&$'$ 31!- GB1E)*1!!$"& (1 3B%&1*:$1

$&'%:* 31 (10$1&'

E = λξη +
ν

2
(ς21 + ς22 ). +,-CC/

23 1!'  $!% (1 0%*$H1* 851 31! (15E 4"&#'$"&! ξη 1' |ς|2 = ς21 + ς22 !"&' #"&!' &'1!

31 3"&: (1! !"35'$"&! 1' #"&!'$'51&' ) * #"&!%851&' (15E &"501331! $&'%:* 31!

)*17$6*1! (5 7"50171&'- I& $&'*"(5$'  $&!$ 3 &"'$"& (1  !"#$% &'!()#*#+,-?

&"'%1 R JC,? K,L? 851 3B"& (%'1*7$&1 1& $7)"! &' 31! (15E #"&($'$"&!

E = ǫ, 1' |η − ξ| ≤ c +,-CM/

"F ǫ 1' c !"&' (1! #"&!' &'1! )"!$'$01!- G *%:$"& (B%85$3$>*1 1!' (1 #1''1 7 &$6*1

N"7%"7"*)N1  5 )*"(5$' (B5&1 CO!)N6*1 1' (B5& $&'1*0 331- <P1#'$0171&'? )"5*

#N 851 0 315* (1 |η − ξ|  )) *'1& &' = [−c, c]? 3B%: 3$'% E = ǫ? 851 3B"& *%%#*$'

λ

4
((η + ξ)2 − (η − ξ)2) +

ν

2
(ς21 + ς22 ) = ǫ,

1!' 0%*$H%1 !5* 3 !)N6*1 (B%85 '$"&

λ

4
(η + ξ)2 = ǫ+

λ

4
(η − ξ)2 − ν

2
(ς21 + ς22 ). +,-CK/

I& (%H&$'  3"*! 3 ./01,- 2,$%3#1,- n1 +*1!)- n2/ #"771 #1331  !!"#$%1 = 3 0 315*

η − ξ = −c +*1!)- η − ξ = c/- Q1 )35!? )"5* #N 851 CO!)N6*1 (%'1*7$&%1 ) *

,K





 !"#$%&'() *+,-.  !"#$%&'$( /"0'1)2  % 3"1'() (4 η+ ξ = 0 2&  20 )"*+,-).(' /0(1

'& ,$1 0()& 320526&'7282)& /"63'&0 5%3  20 ')"1% '&"0 η + ξ > 0 2& η + ξ < 0+

92 :(& /%)0  % 3"1'() /!"#$' ';32 20& % (30 06<"8%&'0" 2) 53(=2&%)&  20 &3%>

=26&('320 0( $&'()0 /$ 0?0&@82 1.20 0$3  2 5 %) (η, ξ). 62 #$' A($3)'&  2 5(3&3%'&

6 %00'#$2 /!$) 5(')& 63'&'#$2. 7('3 B1$32 *+-+ 9% 53(=26&'() /2 R 20& 6(853'02

2)&32  20 <?523;( 20 /!"#$%&'() ηξ = ǫ
λ

. 6(33205()/%)& C  !')&"13% 2 ς21+ς22 = 0. 2&

 20 /3('&20 η−ξ = ±c #$' )2 0()& %$&32 #$2  20 53(=26&'()0 /20 05<@320 A3()&'@320

n1 2& n2+ 920 (3;'&20 /2  % 3"1'() /!"#$' ';32 02 53(=2&&2)& 0$3  20 ;3%)6<20 /!<?>

523;( 20 /!"#$%&'() ηξ = 6()0&%)&2 ∈ [−c, c]. 0%$A "7'/2882)&  (30#$2 ηξ = 0+

D' ηξ > 0.  20 2E&3"8'&"0 /20 53(=26&'()0 /20 (3;'&20 =('1)2)&  20 /2$E /3('&20

A3()&'@320. 62 #$' )!20& 5%0 73%'  (30#$2 ηξ < 0+ F($3 3253"02)&23 1 (;% 282)&  %

/?)%8'#$2 %$ 02') /2  % 3"1'() /!"#$' ';32. ' A%$& 2)B) %00(6'23 C 6<%#$2 5(')&

/2  % 53(=26&'() 0$3  2 5 %) (η, ξ)  2 6236 2 6(33205()/%)& C  !"#$%&'()

ς21 + ς22 =
2

ν
(ǫ− ληξ) G*+,HI

#$2 /('& 7"3'B23  2 6($5 2 /2 6((3/())"20 (ς1, ς2) 2) 723&$ /2 *+,-+ J 2E'0&2 5%3

6()0"#$2)& C  !')&"3'2$3 /2  % 3"1'() /!"#$' ';32 R )2$A 6 %0020 /!(3;'&20 #$' 0()&

3213($5"20 2) #$%&32 6%&"1(3'20 K

*+  2 5(')& η = ξ = 0 20&  % 53(=26&'() /!$)2 (3;'&2 5"3'(/'#$2 %$&($3 /2 L1,2

%552 "2 0(2+&' 1' 34%-$/05 +/,&%2 '+

,+  20 /2$E /28'>/3('&20 /"B)'20 5%3 C ξ = 0, η 6= 0 G3205+ η = 0, ξ 6= 0I

6(33205()/2)& C /2$E 6? ')/320 /!(3;'&20 %0?85&(&'#$20 #$' 6()72312)&

7230  !(3;'&2 /2 9?%5$)(7 2) +∞ G3205+ −∞I+

L+ M<%#$2 ;3%)6<2 /!<?523;( 2 /())"2 5%3 ηξ > 0 20&  % 53(=26&'() /!$)

6? ')/32 /!(3;'&20 5%36($3%)&  % 3"1'() /!"#$' ';32 /!$)2 05<@32 A3()&'@32

C  !%$&32+ M20 (3;'&20 320&2)& /%)0  2 8N82 <"8'05<@32 O 5 $0 53"6'0"82)&.

2  20 %55%3&'2))2)& C  !<"8'05<@32 )(3/ 0' 2  20 02 /'3'12)& /2 n2 7230 n1 2&

C  !<"8'05<@32 0$/ /%)0  !%$&32 6%0+ P) 3%'0() /2  % &3%7230"2 /2  % 3"1'()

R #$!2  20 2Q26&$2)&. 2  20 0()& %552 "20 0(2+&', 1' &(%/,+&+

-+ P)B).  20 ;3%)6<20 /!<?523;( 20 6(33205()/%)& C ηξ < 0 3253"02)&2)& /20

6? ')/320 /!(3;'&20 02 /"5 %R%)& /!$) <"8'05<@32 C  !%$&32 8%'0 /()&  20

2E&3"8'&"0 %55%3&'2))2)& C  % 8N82 05<@32 A3()&'@32+ D' η > 0.  20 (3;'&20

0()& '00$20 /2  % 05<@32 n1 2&  % 32=('1)2)&. 5%00%)& /2  !<"8'05<@32 0$/

C  !<"8'05<@32 )(3/+ S%)0  2 6%0 (55(0" (4 η < 0.  20 (3;'&20 5%3&2)& /2

n2 2& ? 327'2))2)&. "7( $%)& /2  !<"8'05<@32 )(3/ C  !<"8'05<@32 0$/+ M20

(3;'&20 32&($3)%)& C  2$3 05<@32 /!(3'1')2 0()& %552 "20 0(2+&', 1' /0/6

&(%/,+&+

9% B1$32 *+- '  $0&32 ;'2)  2 A%'& #$2  20 (3;'&20 %0?85&(&'#$20 0"5%32)&  20 /2$E

&?520 /2 8($7282)&0 #$2 0()&  20 (3;'&20 /2 &3%)0'&. #$' 5%002)& /!$)2 3"1'()

C  !%$&32. 2&  20 (3;'&20 /2 )()>&3%)0'& #$' 320&2)& 6()B)"20 /%)0 $) 623&%') /(>

8%')2+ M20 (3;'&20 %0?85&(&'#$20 0()&  20 %553(E'8%&'()0  ')"%'320 /20 5%(+"&",

+/5%(+%/&', /2  !(3;'&2 /2 9?%5$)(7 6(33205()/%)& %$ )'72%$ /!")231'2 ǫ+ P  20

0()& /"B)'20 6(882  !2)028; 2 /20 6()/'&'()0 ')'&'% 20 /2  !205%62 /20 5<%020

/20#$2  20  20 &3%=26&('320 '00$20 6()72312)& 2) &2850 ')B)' 7230  !(3;'&2 /2 9?%>

5$)(7+T) 5%3 2 /2 5%(+"&" ,&%2 '  (30#$2  20 &3%=26&('320 6()72312)& 2) &2850

63('00%)& 2& /2 7%3'"&" ')0&%; 2  (30#$!2  20 6()72312)& 2) &2850 /"63('00%)&+

*U



 ! "#$! %! &'()")*"+,! !&* !&&!-*+!$ (./" $! %!&+0- %! 1+&&+.- &()*+)$! 2 3)+4$!

(".(/$&+.-5 6)" !7!1($!8 &+ $9.- ,.-&+%:"! /- -+;!)/ %9'-!"0+! *":& $'0:"!1!-*

&/('"+!/" 2 e18 $) ,)(*/"! ()" $) </-! %9/- &)*!$$+*! !- ."4+*! )/*./" %! $) =!""!
-9!&* (.&&+4$! >/9!- /*+$+&)-* $!  !"# $%&'($'% ,.-&*+*/' ()" $!& ."4+*!& %! *")-&+*

';.$/)-* %/ %.1)+-! +-*'"+!/" ;!"& $! %.1)+-! $/-)+"! !* 4."%' ()" $!& 4")-,?!&

%!& ;)"+'*'& &*)4$!& !* +-&*)4$!& ,.""!&(.-%)-*!&5 @)-& $) &!,*+.- &/+;)-*!8 -./&

(".(.&.-& /- 4"!3 )(!"A/ %! *!,?-+>/!& 4)&'!& &/" $) &*"/,*/"! %! ;)"+'*'& +-;)B

"+)-*!& 1+&!& !- .!/;"! (./" ,)$,/$!" -/1'"+>/!1!-* %!& *")C!,*.+"!& &()*+)$!&

(!/ ,.D*!/&!& !- '-!"0+!5

 !"!# $%&'()*+(,%& -.%)/,(0' 1 ,(,&2)3,)0' 4)2-25&,'

E $9)-)$F&! >/)$+*)*+;! %/ G.* )/ ;.+&+-)0! %!& (.+-*& L1,2 .-* &/,,'%' %!

"+,?!& '*/%!& %! *")C!,*.+"!& ()"*+,/$+:"!& %/ (".4$:1! "!&*"!+-* %!& *".+& ,."(&

($)-5 H- IJKJ8 L5 M,N!?!! 1!**)+* !- ';+%!-,! )/ &!+- %! &) *?:&! %! %.,*.")*

OPQR ,!"*)+-!& )("$ #* +),)-.$%#*5  !& ."4+*!& )(()"*+!--!-* 2 $9+-*!"&!,*+.- %!&

;)"+'*'& &*)4$!& !* +-&*)4$!& %9/-! ."4+*! ('"+.%+>/! )/*./" %9/- (.+-* %9'>/+$+4"!

!* "!$+!-* ()" ,.-&'>/!-* )&F1(*.*+>/!1!-* ,!**! ."4+*! ('"+.%+>/! 2 !$$!B1S1!5

E/ %'4/* %!& )--'!& TUUU8 $9'>/+(! %! V5 M)"&%!- ,.-,!(*/)$+&)+* %!&  ('/#-0

 )$(#* +1 1()-.$%#* -)*/"!$$!& "!$+)-* $!& %!/7 ."4+*!& %! <F)(/-.; )/*./" %! L1

!* L2 )&&.,+'!& 2 $) 1S1! ,.-&*)-*! %! V),.4+5 H- ,.-,)*'-)-* ,!& *")C!,*.+"!&

?'*'".,$+-!& )/7 *")C!,*.+"!& ?.1.,$+-!& %'C2 ,.--/!&8 +$& %'%/+&+"!-* %!& *")B

C!,*.+"!& %/ (".4$:1! %!& *".+& ,."(& "!&*"!+-* &/+;)-* /- +*+-'")+"! ("'%'W-+ 2

*");!"& $!& %+X'"!-*!& "'0+.-& (.&&+4$!& %/ 1./;!1!-*5  ! "'&/$*)* 1)C!/" (!/*

S*"! '-.-,' &./& $) 3."1! &+1($+W'! &/+;)-*!8 ;.+" ()" !7!1($! OTJ8 YQ8 PUR5

 !"#$%&' ()*)*) 2)$ !%# *!$ # u = (ui)i∈Z 3)% .#*  #(,#* '44'( $#%%#% 

5 .6#%*#,".# 3# *7,").#* {I, M, X} )8 I 31*$9%# .# 3),'$%# $% 1($#!(: M
.# 3),'$%# .!%'$(# # X .# 3),'$%# #; 1($#!(< =)%*$31()%* t = 0 -),,# .#

 #,4* 4(1*#% < >.)(* $. #;$* # !%# )("$ # 3)% .#* .)-'.$*' $)%* 4'**1#* # ?! !(#*

(#.' $&#,#% '!;  ()$* (19$)%* -)((#*4)%3#% 5 u<

Z$& (".(.&:"!-* !- ./*"! /-! (".,'%/"! &F&*'1)*+>/! (!"1!**)-* %! ,)$,/$!"

-/1'"+>/!1!-* /-! ."4+*! )&&.,+'! 2 /- +*+-'")+"! %.--'5  !**! (".,'%/"! !&*

%',"+*! ("',+&'1!-* %)-& OY8 TJ8 PUR5 <!/" 1'*?.%! !&* 4)&'! &/" $) %'*!"1+-)B

*+.- %! (.+-*& )(()"*!-)-* )/7 +-*!"&!,*+.-& %! -)!4#* 3# @)$%-'(1 %! ;)"+'*'&

+-;)"+)-*!& )/*./" %! L1 ./ L25  !& ,./(!& %! 6.+-,)"' &.-* %'*!"1+-'!& !- ,)$B

,/$)-* $9+-*!"&!,*+.- %9/-! ;)"+'*' +-;)"+)-*! );!, /-! &!,*+.- %! 6.+-,)"' S8 ;.+"
OYPR8 ,.-;!-)4$!1!-* ,?.+&+! %)-& $! %.1)+-! %/ 1./;!1!-*5 H- &'$!,*+.--)-*

,.11! ,.-%+*+.-& +-+*+)$!& $!& (.+-*& %! $9+-*!"&!,*+.- Λ %!& ,./(!& %! 6.+-,)"'
%!& ;)"+'*'& &*)4$!& !* +-&*)4$!& );!, S (/+& !- +-*'0")-* ,!& ,.-%+*+.-& 2 *!1(&
,".+&&)-* !* %',".+&&)-*8 .- ,.-&*"/+* $!& (."*+.-& %9."4+*!& ';.$/)-* -)*/"!$B

$!1!-* %9/-! ,!"*)+-! "'0+.- )%1+&&+4$! %/ 1./;!1!-* ;!"& /-! )/*"!5 6./"

0'-'"!" /-! ."4+*! "!&(!,*)-* /- +*+-'")+"! ($/& $.-08 +$ 3)/* [,.-,)*'-!"[ %+3B

3'"!-*!& (."*+.-& %9."4+*!& ,)$,/$'!& ,.11! ("','%!11!-*5 \/4%+;+&.-& 2 *+*"!

%9!7!1($! /-! *")C!,*.+"! )%1+&&+4$! 2 +*+-'")+"! W7' !- *".+& (."*+.-& %+&*+-,*!&5

].*.-& Λi, i = 1, . . . , 3 $9+-*!"&!,*+.- %!& %!/7 ,./(!& %! 6.+-,)"' /*+$+&'!& (./"
,.-&*"/+"! $) i:1! ()"*+! %! ,!**! *")C!,*.+"!5 Z$ &/^* )$."& %! %'*!"1+-!" $9+-B
*!"&!,*+.- Λ2 ∩ P (Λ1) ∩ P−1(Λ3) ._ P !&* $9)(($+,)*+.- %! 6.+-,)"' )&&.,+'!

2 Λ25 <!& (.+-*& %! ,!**! +-*!"&!,*+.- ,.""!&(.-%!-* )+-&+ )/7 ,.-%+*+.-& +-+B

*+)$!& >/+8 +-*'0"'!& 2 *!1(& ,".+&&)-* !* %',".+&&)-*8 3./"-+&&!-* $!& *")C!,*.+"!&
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 !"#! "#$!%& '!% ( )*!"(+, !% $()-( -)(. !//!%0 1.,%2.! 3, !"(!4!-( 3$3.,(!% 3!

/) 35-)4,2.! /,6 ! 3. 1 +6/74! 3!% 8 "+ 1%  !%( !,-( ). 9+,%,-):! 3!% 1+,-(%

L1,20 !//!% %+-( (#$+ ,2.!4!-( : )(.,(!% 3. 1+,-( 3! 9.! $-! :$(,2.!0 ";!%(<=<3, !

2.;!//!% -! -$"!%%,(!-( ).".-! 4)-+!.9 ! %1$",>2.! 1+. ?( !  $)/,%$!%&

@!-(,+--+-% $:)/!4!-( /! ")/"./ 3;.-! ( )*!"(+, ! A!  !<B.-! = C),6/! "+D(0

1 +1+%$! 1) /;$2.,1! 3! E& @) %3!- 3)-% FGHI& J+. (!-, "+41(! 3!% 1! (. <

6)(,+-% 3.!% ). K+/!,/0 4),% 1/.(L( 2.! 3! %! 1/)"! 3)-% /! 1 +6/74! !-"+ !

 !/)(,9!4!-( 4$"+--. 3!% 2.)( ! "+ 1%0 +- .(,/,%! /! 4+37/! 3! 3!.M %5%(74!%

= ( +,% "+ 1% "+.1/$%& B)  !"#$%& #!''! #'! 3$%,:-! /) %!"(,+- 3! J+,-") $ 3! /)

A!  ! {x = 1− µST }0 µST $()-( /!  )(,+ 3!% 4)%%!% 3. %5%(74! A!  !<B.-!0 2.,

 !/,! /!% 3!.M !-9, +--!4!-(%& B;,3$! !%( )/+ % 3! ")/"./! /;,-(! %!"(,+- !-( ! /)

"+.1! 3! J+,-") $ 3! /) 9) ,$($ %()6/! 3;.-! + 6,(! 1$ ,+3,2.! ).(+. 3. 1+,-(

L2 3. %5%(74! A!  !<B.-! )%%+",$! = /) %!"(,+- (!  !%( ! !( !( /) "+.1! 3! J+,-<

") $ 3! /) 9) ,$($ ,-%()6/! 3;.-! + 6,(! 1$ ,+3,2.! ).(+. 3. 1+,-( L1 +. L2 3.

%5%(74! K+/!,/<A!  ! !( /) 4?4! %!"(,+-& N -+.9!).0 /!% 1+,-(% "+-(!-.% 3)-%

"!((! ,-(! %!"(,+- "+-%(,(.!-( /!% "+-3,(,+-% ,-,(,)/!% 3;+ 6,(!% 2., "+-9! :!-( !-

±∞ 9! % /!%  $:,+-% %+.#),($!% 3. 4+.9!4!-(& O.( ! /) %( ."(. ! 3! 9) ,$($%

,-9) ,)-(!%0 "!((! 4$(#+3! .(,/,%! !- 1) (,"./,! /) 1 +1 ,$($ 3! #($ #$&) 3!% + <

6,(!%0 1 $",%$4!-( 3$" ,(! 3)-% F8PI0 )>- 3! 3$(! 4,-! .-! ( )*!"(+, ! 2., %+,(

3! 1/.% ,%%.! 3;.-! + 6,(!  ),%+--)6/!4!-( "#+,%,! ).(+. 3! /) A!  !&

B!% "+//!"(,+-% 3;+ 6,(!% -)(. !//!% 2.! -+.% )9+-% 1 $%!-($!% 3)-% "!((! %!"<

(,+- %+-( 3;.- : )-3 ,-($ ?( 1+. /;$/)6+ )(,+- 3! 4,%%,+-% %1)(,)/!% = C),6/!

1 +1./%,+-& B!. 3$"+.9! (! !%( /! C .,( 3! /;$(.3! 3!% ") )"($ ,%(,2.!% 3!% 1+,-(%

3;$2.,/,6 ! 3. 1 +6/74!  !%( !,-( 3!% ( +,% "+ 1%0 2.,  !/79! 3! /) (#$+ ,! 3!% %5%<

(74!% 35-)4,2.!%& ';!%( 1+. 1 +1+%! .-! )11 +"#! "+41/$4!-(), ! 3. 1 +<

6/74! 3!  $3."(,+- 3!% "+D(% $-! :$(,2.!% 3!% ( )-%C! (% A!  !<B.-! 2.! -+.%

)9+-% + ,!-($ -+%  !"#! "#!% 9! % /) (#$+ ,! 3. "+-( L/! +1(,4)/ 3+-( /;+6*!( !%(

3! 3$(! 4,-! /!% %+/.(,+-% 3;.- %5%(74! "+44)-3$0 %)(,%C),%)-( 3!% "+-3,(,+-%

).M 3!.M 6+.(% !( 4,-,4,%)-( .- "! (),- "+D(& B!% $2.)(,+-% 3. 4+.9!4!-(

2.! -+.% )9+-% $($ )4!-$% = "+-%,3$ ! 3$1!-3!-( 1) "+-%$2.!-( 3;.- 1) )<

47( ! 35-)4,2.! )11!/$ "%&#'*+!& '! %+-( /!% ,-./#$%& 0. 1'%2+34! '! #'!$&#

0! 56"%'1 1+/& "%&#'*+, !( -+.% /!% ,-( +3.,%+-% 4),-(!-)-(&

 !"!# $% &'()$*+% '%,-'%./- 0%, 123('&, &$4/ 3(/-'5$6

B!% $2.)(,+-% 3. 1 +6/74!  !%( !,-( 3!% 8<"+ 1% 1/)- "+-( L/$ %+-( +6(!-.!%

1) /;)*+.( 3;.- (! 4! 3! "+-( L/! = "#)2.! /,:-! 3. %5%(74! Q&G& R//!% %;$" ,9!-(

3+-" %,41/!4!-(

ẍ− 2ẏ =
∂Ω

∂x
+ u1

ÿ + 2ẋ =
∂Ω

∂y
+ u2

SQ&TUV

!(0 !- )11/,2.)-( /! "#)-:!4!-( 3! 9) ,)6/! Q&8H0 1!.9!-( ?( ! C+ 4./$!% %+.%

/) C+ 4! #)4,/(+-,!--!

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
SQ&TWV

QX



 ! "# $ %&'( % )#*("' %(+%%+ H +,' - %%.+ /#0

H(q, p) = Hp(q, p)− q1u1 − q2u2 123456

+' Hp +,' "+ 7#*("' %(+% -8 * 89+*+%' "(:0+ -.;%( +% 23<3 =#%, "+ :8' -+ -.'+0>

*(%+0 -+, '0#%,$+0', ?+00+>@8%+ A / 8,,.+ $#(:"+B % 8, % 8, , **+, (%'.0+,,.,

#8C '0#D+&' (0+, , "8'( %, -8 ,E,'F*+ 234G - %' "+, & %-('( %, (%('(#"+, +' ;%#"+,

- (9+%' 0+,/+&'(9+*+%' &#0#&'.0(,+0 -+,  0:('+, '+00+,'0+, +' "8%#(0+,3 @# / 8,>

,.+ #//"(H8.+ #8 ,#'+""('+ A 8% (%,'#%' t / 89#%' I'0+ * -."(,.+ /#0 "# % 0*+

L2(R2) -8 & %'0J"+ u(t) = (u1(t), u2(t))B % 8, #9 %, $ &#"(,. % '0+ .'8-+ ,80 "#

*(%(*(,#'( % -+ -+8C & K', -(,'(%&',3 @L8% +,' " M(H8+*+%' "# *(%(*(,#'( % -8

& K' .%+0M.'(H8+ "+ " %M -L8%+ '0#D+&' (0+B

min
u(.)∈R2

∫ tf

t0

u2
1 + u2

2dt,

 ! t0 +,' "+ '+*/, (%('(#" +' tf +,' ;C. +' -.,(M%+ "+ '+*/, -+ '0#%,$+0'3 @L#8'0+

+,' "# *(%(*(,#'( % -+ &+ '+*/, -+ '0#%,$+0'

min
u(.)∈B

R2
(0,ǫ)

∫ tf

t0

dt

 ! ǫ -.,(M%+ "# / 8,,.+ *#C(*#"+ #8' 0(,.+B #8'0+*+%' -(' "+ 0#E % -8 -(,H8+ -+

R
2
-#%, "+H8+"  % (*/ ,+ #8 & %'0J"+ u -LI'0+ & %'+%8B H8( - (' I'0+ -L8%  0-0+ -+

M0#%-+80 & */#0#:"+ A 8%+ /0 /8",( % ,(M%(;&#'(9+*+%' $#(:"+3 @+, /0(%&(/#8C

 8'(", M. *.'0(H8+, +' %8*.0(H8+, -+ "# '). 0(+ -8 & %'0J"+  /'(*#" #8CH8+",

% 8, #9 %, +8 0+& 80, / 80 '0#('+0 &+, /0 :"F*+, , %' (%'0 -8(', -#%, "+ &)#>

/('0+ 43 @+80, #//"(&#'( %, #8 /0 :"F*+ 0+,'0+(%' -+, N>& 0/, /"#% +' "+, 0.,8"'#',

H8+ % 8, #9 %,  :'+%8, , %' 0.,8*., -#%, "# ,+&'( % N32 -8 &)#/('0+ N +' , %'

/0.,+%'., #9+& /0.&(,( % -#%, "+, #0'(&"+,  !"#!$%&' ()* )+#!%&'(, $!'-)&.+!/

&) "0$&#(, "%1&$(, $%()/2!% +/&)3 ,"4 0%"0+,/&") O2PQ +' 5-""$&)3 ()* )+#!%&'(,

'")$&)+($&") #!$-"*/ 2"% '"#0+$&)3 $&#!6#&)&#(, ()* !)!%376#&)&#(, $%(8!'6

$"%&!/ &) $-! 9(%$-6:"") /7/$!# +/&)3 ,"4 0%"0+,/&") OR2Q H8( ;M80+%' -#%, &+

*#%8,&0('3

 !" #$ %&'()*+$ &$,-&$./- 0$, " 1'&%, ,%2-.2)

@L+C'+%,( % -8 /0 :"F*+ /"#% #8 /0 :"F*+ ,/#'(#" /+0*+' -+ & %,(-.0+0 "#

-E%#*(H8+ -#%, "# '0 (,(F*+ -(0+&'( % H8( +,' (*/ 0'#%'+ H8#%- "+ ,#'+""('+ #/>

/0 &)+ 8%+ -+, /0(*#(0+,3 S+''+ /0(,+ +% & */'+ +,' +%  8'0+ +,,+%'(+""+B & **+

&+"# +,' , 8"(M%. -#%, OT2QB / 80 "+ : % $ %&'( %%+*+%' -+, 0+"#(, -+ & **8%(&#>

'( %, ,/#'(#8C H8( +,' & %-('( %%. /#0 "L(%&"(%#(, % -+ "+80 /"#%  0:('#"3 S(' %,

.M#"+*+%' "# %.&+,,('. -L.'8-(+0 "+ /0 :"F*+ ,/#'(#" #;% -+ & 8/"+0 /"8,(+80,

,E,'F*+, A '0 (, & 0/, % %>& /"#%#(0+,B & **+ "+ , %' +% /#0'(&8"(+0 "+, ,E,>

'F*+ U "+(">?+00+>,#'+""('+ +' ?+00+>@8%+>,#'+""('+3 @L#8M*+%'#'( % -+, -.M0., -+

"(:+0'. -8 * -F"+B /"8, /0.&(, +' +% &+ ,+%, -#9#%'#M+ 0.#"(,'+B (%-8(' &+0'#(%+,

& */"(&#'( %, M. *.'0(H8+, OT2Q3 S+/+%-#%'B % 8, 9+00 %, H8+ "+, 0.,8"'#', /0.>

,+%'., #8 " %M -+ "# ,+&'( % 234 /+89+%' I'0+ M.%.0#"(,., #8 &#, -8 /0 :"F*+

,/#'(#"3 @# ,'08&'80+ -+ 9#0(.'., (%9#0(#%'+, .'#%' /0.,+09.+B (" +,' (%'.0+,,#%'

-L.'8-(+0 , % (%V8+%&+ ,80 "+, '0#%,$+0', A .%+0M(+ *(%(*#"+ #8 9 (,(%#M+ -8

/ (%' L1 H8( D 8+ "+ 0J"+ &08&(#" -+ /#,,+0+""+ -+ "L(%V8+%&+ '+00+,'0+ 9+0, "L(%>

V8+%&+ "8%#(0+3

2W



 !"! #$%&'()*+ ,% -)%./-/*' /' 0)(*'+ ,12$%(3(45/

 ! "#$%&'(! )"*+,*& -,.'#! -/ "#$%&'(! "&*0 /0,1/!(!0+ -*0) &* (!)/#!

$2 &3$0 )/""$)! 1/! &* "*#+,4/&! -! (*))! 056&,6!*%&! 0357$&/! "&/) /0,1/!(!0+

-*0) &! "&*0 P -580, "*# &! ($/7!(!0+ 4,#4/&*,#! -!) "#,(*,#!) (*,) -*0) R
3

+$/+ !0+,!#9 :0 4$0),-5#*0+ &* -;0*(,1/! -*0) &* -,#!4+,$0 z $#+<$6$0*&! */

"&*0 P !+ +!&&! 1/! &! #!"'#! );0$-,1/! {G, x, y, z} )$,+ "$),+,7!(!0+ $#,!0+5= &!)
51/*+,$0) >9?@ -!7,!00!0+

ẍ− 2ẏ =
∂Ω

∂x

ÿ + 2ẋ =
∂Ω

∂y

z̈ =
∂Ω

∂z

A>9?BC

$2 &! "$+!0+,!& −Ω !)+ -580, ,-!0+,1/!(!0+ D 4!&/, -! &* )!4+,$0 >9?9> (*,) $2

&!) -,)+*04!) */E "#,(*,#!) )$0+

ρ1 =
√
(x+ µ)2 + y2 + z2

ρ2 =
√
(x− 1 + µ)2 + y2 + z2.

 ! 4<*06!(!0+ -! 7*#,*%&!

q1 = x= q2 = y= q3 = z= p1 = ẋ− y= p2 = ẏ + x= p3 = ż A>9FGC

,0-/,+ &!) 51/*+,$0) <*(,&+$0,!00!)

q̇ =
∂Hs

∂p
, ṗ = −∂Hs

∂q
A>9F>C

$2 &* H$04+,$0 <*(,&+$0,!00! Hs -54#,7*0+ &! ($/7!(!0+ &,%#! -/ "#$%&'(!

)"*+,*& )354#,+

Hs(q, p) =
1

2
(p21 + p22 + p23) + p1q2 − p2q1 −

1− µ

ρ1
− µ

ρ2
. A>9F?C

I0 $%+,!0+ *,0),= -! &* (J(! (*0,'#! 1/! -*0) &* )!4+,$0 >9?9?= &3!E"#!)),$0 -!

&350!#6,! ,0+56#*&! -/ ($/7!(!0+

Es(x, y, z, ẋ, ẏ, ż) =
ẋ2 + ẏ2 + z2

2
− Ω(x, y, z)

1/, 4$0-/,+ D &* -580,+,$0 -! &* )/#H*4! -350!#6,!

M(µ, e) = {(x, y, z, ẋ, ẏ, ż) | E(x, y, z, ẋ, ẏ, ż) = e}

4$((! )$/)K7*#,5+5 -! R
6
-! -,(!0),$0 L 4$0+!0*0+= "$/# /0! 7*&!/# 8E5! -!

µ= &!) +#*M!4+$,#!) 4$##!)"$0-*0+!) */ 0,7!*/ -350!#6,! e9  3,0+!#)!4+,$0 -! &*

#56,$0 -! N,&&

H(µ, e) = {(x, y, z) | Ω(x, y, z) + e ≥ 0}.
*7!4 &! "&*0 (x, y) H$/#0,+ *&$#) &!) (J(!) "$#+#*,+) +$"$&$6,1/!) -!) #56,$0)
"$)),%&!) -/ ($/7!(!0+ 1/! 4!/E #!"#5)!0+5) )/# &* 86/#! >9?9  !) 0,7!*/E

?G



 !"#$%&'$( )%'*'+,$( e1, . . . , e4 (-#*  $ ./.$( 012$,%( +,$  1#( 3%-425.$ 321#

$* )-%%$(3-# $#* "&12$.$#* 1,6 #'0$1,6  !"#$%&'$  $( 3-'#*(  !"+,'2'4%$  , 3%-7

425.$ (31*'128 9$( 3-'#*(  !"+,'2'4%$ 1331%*'$##$#* 1, 321# (x, y) : -#  '(*'#&,$;

)-..$  1#( 2$ 3%-425.$ 321#; 2$( *%-'( 3-'#*( )-2'#"1'%$( L1; L2; L3 $* 2$(  $,6

3-'#*( "+,'21*"%1,6 L4 $* L58 <$,% 3-('*'-#; ' $#*'+,$ = )$22$ )12),2"$ $# ($)*'-#

>8?8@; $(*  "*$%.'#"$ $# (,'01#* 21 ./.$ ."*A- $8

 !"!# $%&'()*+, '+ -.)/)&'0, 1,/ 2.)&3/ 4.5)&6')7,/

B-,% "*, '$% 21  C#1.'+,$  , 3%-425.$ (31*'12 1, 0-'('#1&$  !,# 3-'#* )-7

2'#"1'%$ Li; i = 1, 2 -D 3; -# *%1#(21*$ 2!-%'&'#$  , %$35%$ (C#- '+,$ $# Li $*

-# #-%.12'($ 2$ (C(*5.$  $ )--% -##"$(  $ *$22$ (-%*$ +,$ 21  '(*1#)$  $ Li =

21 32,( 3%-)A$  $( 3%'.1'%$( (-'* "&12$ = >8 <$( #-,0$22$( )--% -##"$( x̄, ȳ, z̄
3%-0'$##$#*  -#)  , )A1#&$.$#*  $ 01%'142$(

x̄ =
x+ µ+ ai

γi

ȳ =
y

γi

z̄ =
z

γi

E>8@@F

-D 2$( )-#(*1#*$( ai (-#*  "G#'$( 31% a1 = −1 + γ1, a2 = −1 − γ2, a3 = γ3 $*

γi  "('&#$ 21  '(*1#)$  , 3-'#* Li = 21 3%'.1'%$ 21 32,( 3%-)A$8 B-,% 122"&$% 2$(

#-*1*'-#(; #-,( )-#($%0$%-#(  1#( 2$( 2'&#$( +,' (,'0$#* 2$( (C.4-2$( x, y $* z
3-,%  "('&#$% 2$( 01%'142$(  , (C(*5.$ #-%.12'("8 H$ )$**$ I1J-#; 2$( "+,1*'-#(

 , .-,0$.$#* >8?K 3$,0$#* /*%$ $63%'."$( 1, .-C$#  $ ("%'$( I-%.$22$( (-,(

21 I-%.$

ẍ− 2ẏ − (1 + c2)x =
∂

∂x

∑

n≥3

cnρ
nPn(

x

ρ
),

ÿ + 2ẋ+ (c2 − 1)y =
∂

∂y

∑

n≥3

cnρ
nPn(

x

ρ
)

z̈ + 2c2z =
∂

∂z

∑

n≥3

cnρ
nPn(

x

ρ
)

E>8@LF

-D Pn %$3%"($#*$ 2$ 3-2C#M.$  $ <$&$# %$  !-% %$ n; ρ = x2 + y2 + z2 $* 2$(

)-$N)'$#*( cn (-#*  -##"( 31%

cn(µ) =
1

γ3
i

(
(±1)nµ+ (−1)n (1− µ)γn+1

i

(1∓ γi)n+1

)
3-,% L1,2,

cn(µ) =
(−1)n
γ3
i

(
1− µ+

µγn+1
3

(1 + γ3)n+1

)
3-,% L3

-D  1#( 21 3%$.'5%$ "+,1*'-# 2$ ('&#$  , A1,* 01,* 3-,% L1 $* )$2,'  , 41(

3-,% L28 <$ )A1#&$.$#*  $ 01%'142$ >8@O 3$%.$* 12-%( "0' $..$#*  !-4*$#'%

21 I-%.,21*'-# A1.'2*-#'$##$  $( "+,1*'-#( >8@L8 <$ P1.'2*-#'$# )-%%$(3-# 1#*

(!")%'*

HL(q, p) =
1

2
(p21 + p22 + p23) + p1q2 − p2q1 −

1− µ

ρ1
−
∑

n≥2

cnρ
nPn(

q1
ρ
). E>8@QF

?>



 ! "#$%$!&!' #() '(*%() !+!,#$!"&$*() -./*&!' &/ )($! 0/ )1)'2%( 34567 +! +8'$(!'

#() "9/&'$+!) #$!"&*$)"() 0/ :*+8#2%( ):&'$&# &/ ;+$)$!&.( 0/ :+$!' Li

ẍ− 2ẏ − (1 + c2)x = 0

ÿ + 2ẋ+ (c2 − 1)y = 0

z̈ + 2c2z = 0.

<345=>

(' #( ?&%$#'+!$(! 345@ 0(;$(!'

H2
L(q, p) =

1

2
(p21 + p22 + p23) + q2p1 − q1p2 −

c2
2
(2q21 − q22 − q23)  !"#$%

&' ()*+()* ,-.+/ 0 12*'314*+ 5' (),'6*7*'3 2* (..+2.''8*/ (,'.'195*: (;*/3<0<

21+* 951 =+8/*+>* -* ?.+7,-1/7* ),71-3.'1*' 2*/ 895,31.'/ -1'8,+1/8*/ !"#@" A- /5B3

=.5+ (*-,: >.1+ C#DE: 2* 283*+71'*+ 5' (),'6*7*'3 2* >,+1,F-* /G7=-*(3195* 2*/

(..+2.''8*/ (q1, q2, q3, p1, p2, p3): 0 /,>.1+ 5'* 7,3+1(* A ∈ M(R6) /,31/?,1/,'3

-;86,-138

ATJA = J  !"#H%

.I J */3 -, 7,3+1(*

J =

(
0 IdR2

−IdR2 0

)
.

J51/95* -, 21+*(31.' >*+31(,-* */3 28(.5=-8* 2*/ 21+*(31.'/ =-,',1+*/ 2,'/ -* /G/<

3K7* !"#@: .' /* +*/3+*1'3 2,'/ 5' =+*71*+ 3*7=/ 0 (,-(5-*+ 5' (),'6*7*'3

/G7=-*(3195* 2*/ (..+2.''8*/ (q1, q2, p1, p2)"&' /;1'38+*//* 2.'( 0 -, ?.'(31.'

),71-3.'1*''*

H2
L(q, p) =

1

2
(p21 + p22) + q2p1 − q1p2 −

c2
2
(2q21 − q22)  !"#L%

95* -;.' '.3* (.77* !"#$ =,+ /.5(1 2* /17=-14(,31.'" M*/ 895,31.'/ 25 7.5>*<

7*'3 ,//.(18*/ /;8(+1>*'3 /.5/ -, ?.+7* 25 /G/3K7* -1'8,1+*




ẋ
ẏ
ṗx
ṗy


 = M




x
y
px
py


  !"NO%

,>*(

M =




0 1 1 0
−1 0 0 1
2c2 0 0 1
0 −c2 −1 0


 .

A- */3 +*-,31>*7*'3 /17=-*: >.1+ C#@E: 2* 7.'3+*+ 95* -, 7,3+1(* M =.//K2* 2*5P

>,-*5+/ =+.=+*/ +8*--*/ *3 2*5P >,-*5+/ =+.=+*/ 17,61',1+*/ =5+*/: '.38*/ ±λ1 *3

±iω1: ,//.(18*/ ,5P >*(3*5+/ =+.=+*/

uλ1
= (2λ1, λ

2
1 − 2c2 − 1, λ2

1 + 2c2 + 1, λ3
1 + (1− 2c2)λ1),

u−λ1
= (−2λ1, λ

2
1 − 2c2 − 1, λ2

1 + 2c2 + 1,−λ3
1 − (1− 2c2)λ1),

uiω1
= (0,−ω2

1 − 2c2 − 1,−ω2
1 + 2c2 + 1, 0),

u−iω1
= (2ω1, 0, 0,−ω3

1 + (1− 2c2)ω1).

 !"N!%

QQ



 ! "#$%&!'!%( )! *$+,$-.!/ )01%, 2$+ .$ '$(+,"! C = (uλ1
, u−λ1

, uiω1
, u−iω1

)
*0+,1! $.3+/ .40&$.,(0

CTJC =

(
0 D
−D 0

)

35 D !/( )3%%0! 2$+

D =

(
dλ1

0
0 dω1

)

!( dλ1
!( dω1

/3%( .!/ )!67 "3%/($%(!/ /(+,"(!'!%( 23/,(,*!/ 236+ 0 < µ < 1
2

dλ1
= 2λ1((4 + 3c2)λ

2
1 + 4 + 5c2 − 6c22)),

dω1
= ω1((4 + 3c2)ω

2
1 − 4− 5c2 + 6c22).

836+ 96! C )01%,//! 6%! (+$%/:3+'$(,3% /;'2.!"(,96!< ,. /6=( )3%" )! ),*,/!+

/!/ )!67 2+!',>+!/ "3.3%%!/ 2$+ s1 =
√

dλ1
!( /!/ )!67 )!+%,>+!/ 2$+ s2 =

√
dω1

?

 ! "#$%&!'!%( )! "33+)3%%0!/ 1%$. )3,( $.3+/ (!%,+ "3'2(! )! .$ ),+!"(,3%

*!+(,"$.!? 86,/96! c2 > 1< 3% 23/! ω2 =
√
c2? @,%/, .$ '$(+,"!

A =




2λ1

s1
0 0 − 2λ1

s1

2ω1

s2
0

λ2

1
−2c2−1
s1

−ω2

1
−2c2−1
s2 0

λ2

1
−2c2−1
s1 0 0

0 0 1√
ω2

0 0 0
λ2

1
+2c2+1
s1

−ω2

1
+2c2+1
s2 0

λ2

1
+2c2+1
s1 0 0

λ3

1
+(1−c2)λ1

s1 0 0
−λ3

1
−(1−c2)λ1

s1
−ω3

1
+(1−c2)ω1

s1
λ2

1
+2c2+1
s1

0 0 0 0 0
√
ω2




!/( 6% "#$%&!'!%( )! *$+,$-.! /;'2.!"(,96! 96,< !% "3%/!+*$%( .!/ /;'-3.!/ q
!( p 236+ )0/,&%!+ .!/ %36*!..!/ "33+)3%%0!/< (+$%/:3+'! .4!72+!//,3% )6 A$',.B
(3%,!% C?DE !%

H = λ1q1p1 +
ω1

2
(q22 + p22) +

ω2

2
(q23 + p23). FC?GHI

 !/ 096$(,3%/ .,%0$+,/0!/ C?DJ /40"+,*!%( $.3+/

q̇1 = λ1q1, ṗ1 = −λ1p1,
q̇2 = ω1p2, ṗ2 = −ω1q2,
q̇3 = ω2p3, ṗ3 = −ω2q3,

FC?GDI

!( .!6+/ /3.6(,3%/ /3%( !72.,",(!'!%( )3%%0!/ 2$+

q1(t) = q01 exp
λ1t,

p1(t) = p01 exp
−λ1t,

q2(t) + ip2(t) = (q02 + ip02) exp
−iω1t,

q3(t) + ip3(t) = (q03 + ip03) exp
−iω2t .

FC?GGI

35 q01 , p
0
1, q

0
2 + ip02 !( q

0
3 + ip03 /3%( .!/ "3%),(,3%/ ,%,(,$.!/?  !/ 23,%(/ "3.,%0$,+!/

)6 2+3-.>'! /2$(,$. /3%( 2$+ "3%/096!%( )6 (;2! /!..!×"!%(+!×"!%(+!? K% 3-B

/!+*$%( 96! .!/ :3%"(,3%/ q1p1< q
2
2 + p22 !( q

2
3 + p23 /3%( )!/ ,%(0&+$.!/ 2+!',>+!/

)6 '36*!'!%(< .$ );%$',96! )$%/ .!6+ *3,/,%$&! 2!6( L(+! /"#0'$(,/0! )46%!

'$%,>+! /,',.$,+! $6 "$/ 2.$%?  $ +0&,3% )4096,.,-+! R !/( )0(!+',%0! 2$+

H = h, !( |p1 − q1| ≤ c FC?GEI

HD





 ! "#$ %&'("#$ )# )#*+,)-&+.#$ q1 = 0, p1 6= 0 #. p1 = 0, q1 6= 0 %&--#$(&/)#/.

-#$(#%.+0#*#/. 1'2 3-1/%4#$ )# 01-+5.5 $.13"# W s
±(S

3
h) #. 01-+5.5 +/$.13"#

Wu
±(S

3
h) )# S3

h )56/+#$ (1-

W s
±(S

3
h) = {

ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) = h, q1 = 0, p1 ≷ 0},

Wu
±(S

3
h) = {

ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) = h, p1 = 0, q1 ≷ 0}.

7#$ 01-+5.5$ $&/. )#$ %8"+/)-#$ %&/.#/1/. "#$ &-3+.#$ %&/0#-9#1/. 1$8*(,

.&.+:'#*#/. 0#-$ S3
h #/ .#*($ %-&+$$1/. #. )5%-&+$$1/.!

;! <#$ 3-1/%4#$ )=48(#-3&"#$ )&//5#$ (1- q1p1 > 0 $&/. "#$ (-&>#%.+&/$ )#

%8"+/)-#$ )=&-3+.#$ (1-%&'-1/. "1 -59+&/ )=5:'+"+3-# )='/# $(4?-# @-&/.+?-#

A "=1'.-#! 7#$ &-3+.#$ 1((1-.+#//#/. #2%"'$+0#*#/. A "=45*+$(4?-# /&-) $+

#""#$ $# )+-+9#/. )# n2 0#-$ n1 #. A "=45*+$(4?-# $') $+/&/! B""#$ @&-*#/.

"=#/$#*3"# )#$ &-3+.#$ )# .-1/$+.!

C! B/6/D "#$ 3-1/%4#$ )=48(#-3&"#$ %&--#$(&/)1/. A q1p1 < 0 -#(-5$#/.#/.

)#$ %8"+/)-#$ )=&-3+.#$ $# )5("1E1/. )='/ 45*+$(4?-# A "=1'.-# *1+$ )&/.

"#$ #2.-5*+.5$ 1((1-.+#//#/. A "1 *F*# $(4?-# @-&/.+?-#! G+ q1 > 0D %#..#
$(4?-# #$. n1 #. "#$ &-3+.#$ (1$$#/. )# "=45*+$(4?-# $') A "=45*+$(4?-#

/&-)! G+ q1 < 0D "1 $(4?-# #$. n2 #. "#$ &-3+.#$ 50&"'#/. )# "=45*+$(4?-#

/&-) A "=45*+$(4?-# $')! 7# $&/. "#$ &-3+.#$ )# /&/,.-1/$+.!

<1 $.-'%.'-# )# 01-+5.5$ +/01-+1/.#$ (#'. )&/% F.-# 5.#/)'# A "1 )#$%-+(.+&/ )'

H&. 1' 0&+$+/19# )#$ (&+/.$ %&"+/51+-#$ )' (-&3"?*# $(1.+1"! <#$ 01-+5.5$ $.13"#$

#. +/$.13"#$ >&'#/.D .&'. %&**# )1/$ "# (-&3"?*# ("1/D '/ -I"# )# $5(1-1.-+%#

#/.-# &-3+.#$ )# .-1/$+. #. &-3+.#$ )# /&/,.-1/$+.! <#'- '.+"+$1.+&/ #$. #/ %# $#/$

#J%1%# (&'- .-1+.#- )' (-&3"?*# )# %1"%'" )# .-1>#%.&+-#$ A @1+3"# %&K. 5/#-,

95.+:'#! L" 69'-# /&.1**#/. )1/$ M NO '/# 95/5-1"+$1.+&/ 1' %1$ $(1.+1" )# "1

*5.4&)# )# %&/$.-'%.+&/ )=&-3+.#$ /1.'-#""#$ A +.+/5-1+-#$ (-5)56/+$ (-5$#/.5#

#/ $#%.+&/ P! !Q! R' (&+/. )# 0'# 95&*5.-+:'#D %#$ %&/$.-'%.+&/$ $&/. ("'$ %&*,

("#2#$ :'# )1/$ "# %1$ ("1/ %1- "#$ %&'(#$ )# S&+/%1-5 A (-#/)-# #/ %&/$+)5-1.+&/

$&/. )#$ ;,$(4?-#$ .&(&"&9+:'#$ )&/. +" #$. )5"+%1. )# )5.#-*+/#- "#$ +/.#-$#%.+&/$!

L" #$. +*(&-.1/. )# (-5%+$#- :'# "1 )8/1*+:'# /&/,"+/51+-# )1/$ "1 -59+&/ R
#$. :'1"+.1.+0#*#/. "1 *F*# :'# "1 )8/1*+:'# "+/51+-#! R1/$ %# %1$D "1 ;,$(4?-#

S3
h $# 95/5-1"+$# #/ "1 01-+5.5

M3
h = {(q, p) | ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) + f(q2, p2, q3, p3) = h, p1 = q1 = 0}

&T f #$. 1' *&+/$ )=&-)-# ;! B""# 1)*#. 1"&-$ "#$ 01-+5.5$ $.13"#$ #. +/$.13"#$

W s
±(M

3
h) = {

ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) + f(q2, p2, q3, p3) = h, q1 = 0, p1 ≷ 0},

Wu
±(M3

h) = {
ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) + f(q2, p2, q3, p3) = h, p1 = 0, q1 ≷ 0}.

U>&'.&/$ )# ("'$ :'# )1/$ '/ (#.+. 0&+$+/19# )# L1D "#$ 01-+5.5$ +/01-+1/.#$

)# "1 )8/1*+:'# "+/51+-# $&/. )# .-?$ 1%%#(.13"#$ 1((-&2+*1.+&/$ )#$ 01-+5.5$

+/01-+1/.#$ )# "1 )8/1*+:'# /&/ "+/51+-#D "#$ .#-*#$ )=&-)-# /&/,"+/51+-#$ 5.1/.

/59"+9#13"#$ )#01/. %#'2 "+/51+-#$!

 V



 !"!" #$ %&'()*+$ ,%-./-) 0'1.&2)3 -4 5'/,/1-6$ 7$ L1

 !""# $!%& '()*!$& "#$+,!$$- )% .-/%+ .# ') &#0+,!$ 1 $!+2# +2!,&,3"# !/4

5#0+,6 ) -+- .(-*)'%#2 '(,"7)0+ .# ') &+2%0+%2# .# *)2,-+-& ,$*)2,)$+#& &%2 '# 0)'4

0%' .# +2)5#0+!,2#& 8 7!%&&-# 6),/'# )% *!,&,$)9# .# L1: ;'%& 72-0,&-"#$+1 $!%&

)*!$& 0<#20<- 8 .-+#2",$#2 .#& +2)5#0+!,2#& -$#29,#4",$,")'#& #$+2# ') /2)$0<#

W s
+(S

3
h) .# ') *)2,-+- &+)/'# #+ ') /2)$0<# ') /2)$0<# Wu

+(S
3
h) .# ') *)2,-+- ,$4

&+)/'# .# 0# 7!,$+ :  #& +2)5#0+!,2#& 7#%*#$+ #$ 6),+ =+2# 0!$&,.-2-#& 0!""# .#&

7!2+,!$& .# +2)$&6#2+& >#22#4?%$# %+,',&)$+ ') &+2%0+%2# .# *)2,-+-& ,$*)2,)$+#&

7!%2 +#$+#2 .# ",$,",&#2 ') 0!$&!"")+,!$ -$#29-+,@%# '!2& .% 7)&&)9# .% .!4

"),$# ,$+-2,#%2 *#2& '# .!"),$# #A+-2,#%2: B''#& &!$+ &!'%+,!$& .#& -@%)+,!$& .%

"!%*#"#$+ 0!$+2C'- )%+!%2 .# L1

ẍ− 2ẏ − (1 + c2)x =
∂

∂x

∑

n≥3

cnρ
nPn(

x

ρ
) + u1

ÿ + 2ẋ+ (c2 − 1)y =
∂

∂y

∑

n≥3

cnρ
nPn(

x

ρ
) + u2

z̈ + 2c2z =
∂

∂z

∑

n≥3

cnρ
nPn(

x

ρ
) + u3

DE:FGH

!/+#$%#& 8 7)2+,2 .% &I&+3"# 1.34 #+ ",$,",&#$+ '# 0!J+ #$ -$#29,#

∫ tf

t0

u1(t)
2 + u2(t)

2 + u3(t)
2dt. DE:FKH

?()2+,0'#  !"#$%&'(!(')* +#)!,-"#, (! +." /(0(!(+% 1- +." 2)$#)!$()! 31(!+ L1

LMNO 6!%2$,+ '#& .-*#'!77#"#$+& #+ 2-&%'+)+& .# 0#++# -+%.# #+ ') &#0+,!$ P:N .%

0<)7,+2# P #$ !Q2# %$ 2-&%"-: ?#& 2-&%'+)+& 6!$.)"#$+)%A .# ') +<-!2,# .%

0!$+2C'# @%, I &!$+ %+,',&-& &!$+ '#& "="#& @%# 0#%A #"7'!I-& 7!%2 0)'0%'#2

'#& +2)5#0+!,2#& >#22#4?%$# +#"7&4",$,")'#& #+ -$#29,#4",$,")'#& .% 72!/'3"#

7')$: ?# 0<)7,+2# &%,*)$+ '#%2 #&+ 0!$&)02-:

NR



 !"#$%&' (

 !"#$% &'()'"*#+!,% ,"

-!)'*#+!,% ,- .(-"*/$,

(0"#)1$2

 !" #$%&'(')& *+ ,-)./012

 !"#$%&'!"# (" )'!*+,-. /&"&'0+ %. 1!"2'3+. !)2$-0+ %&4"$ 1!--. #($25

6!$."2 M .2 U %.(7 80'$&2&# +$##.# %. %$-."#$!"# '.#).12$8.# n .2 m5 9" #:$"2&;
'.##. 0( #<#2,-. %. 1!"2'3+. #(' M

q̇(t) = f(q(t), u(t)) =>5?@

!A f : M × U −→ TM .#2 +$##. .2 +.# 1!"2'3+.# u #!"2 %.# B!"12$!"# -.#('0*+.#
.2 *!'"&.# %&4"$.# #(' (" $"2.'80++. [t0, t(u)[⊂ R

+
C 80+.('# %0"# U 5 D0)).+!"#

2!(2 %:0*!'% 2'!$# %&4"$2$!"# B!"%0-."20+.#5

 !"#$%$&# '()()( 6!$2 q0 ∈ M 5  !"#$"%&'" ())"$$*&'" "# +"%,$ tf )!(' +.

#<#2,-. >5? %.)($# q0E "!2& Acc(q0, tf )E .#2 +:."#.-*+. %.# 80+.('# 0( 2.-)# tf
%.# #!+(2$!"# %( #<#2,-. >5? )0'20"2 %. q0 0( 2.-)# t0 .2 0##!1$&.# C (" 1!"2'3+.
u 2.+ F(. t(u) > tf 5

 !"#$%$&# '()('( G. #<#2,-. >5? .#2 %$2 1!"2'3+0*+. ." 2.-)# tf %.)($# q0 ∈M
#$

M = Acc(q0, tf ).

H+ .#2 %$2 1!"2'3+0*+. %.)($# q0 #$

M =
⋃

t≥0

Acc(q0, tf ).

 !"#$%$&# '()(*( 6!$."2 M0 .2 M1 %.(7 #!(#;."#.-*+.# %. M .2 tf > t05
G:."#.-*+. Utf %.# )-#+./'"$ (0%*$$*&'"$ $1. [t0, tf ] .#2 %&4"$ 1!--. +:."#.-*+.
%.# 1!"2'3+.# u 2.+# F(. t(u) > tf %!"2 +.# 2'0I.12!$'.# 0##!1$&.# '.+$."2 (" )!$"2
$"$2$0+ %0"# M0 C (" )!$"2 4"0+ %. M15

>J



 !"#$%%&#% '()

C(tf , u) =

∫ tf

t0

f0(x(t), u(t))dt *+,+-

&. f0 : M ×U −→ R /%0 %1''&%!/ 2$%%/3 2/ 4&50 (%%&4$! 6 1# 4&#0)72/ (89$%%$:2/

%1) [t0, tf ], ;&#%$8!)&#% (2&)% 2/ ')&:2<9/ 8/ 4&#0)72/ &'0$9(2 4&#%$%0(#0 6 8!0/)=
9$#/) 1#/ 0)(>/40&$)/ q(.) %&210$&# 8/ +,? /0 (%%&4$!/ 6 1# 4&#0)72/ u (89$%%$:2/
%1) [t0, tf ] 0/22/ @1/ q(0) ∈ M03 q(tf ) ∈ M1 /0 2/ 4&50 +,+ %&$0 9$#$9$%!, A#0)&=

81$%&#% 2( #&0$&# %1$B(#0/ @1$ #&1% %/)( 10$2/ 8(#% 2( %/40$&# +,C '&1) !#&#4/)

2/% 4&#8$0$&#% #!4/%%($)/% /0 %1D%(#0/ 8E&'0$9(2$0! 81 %/4&#8 &)8)/,

 !"#$%$&# '()(*( F&$/#0 q0 ∈ M /0 tf > t0, GE(''2$4(0$&#  !"#$ %&'#"( 81

%H%0<9/ +,? /%0 2E(''2$4(0$&#

Eq0,tf : Utf −→M

u −→ q(q0, tf , u)
*+,C-

&. t −→ q(q0, t, u) /%0 2( 0)(>/40&$)/ %&210$&# 8/ +,? (%%&4$!/ (1 4&#0)72/ u 0/22/
@1/ q(q0, 0, u) = q0

I/9()@1&#% @1/3 '&1) q0 ∈ M "J!3 2E$9(K/ 8/ 2E(''2$4(0$&# /#0)!/=%&)0$/

(1 0/9'% tf /%0 !K(2/ 6 2E/#%/9:2/ (44/%%$:2/ /# 0/9'% tf 8/'1$% q0, F$ U /%0
8&0! 8/ 2( 0&'&2&K$/ 8/ L∞ (2&)% 2E(''2$4(0$&# /#0)!/=%&)0$/ /%0 2$%%/, F&$0 q(.)
1#/ 0)(>/40&$)/ 81 %H%0<9/ +,? (%%&4$!/ (1 4&#0)72/ 2$%%/ u %1) [t0, tf ], L2&)% 2/
4&#0)72/ u '/10 M0)/ ')&2&#K! 8/ 9(#$<)/ 2$%%/ 6 2E$#0/)B(22/ [t0, tf + ǫ] &. ǫ > 0,

 !"#$%$&# '()(+( N# 4&#%$8<)/ 8/1J 4(% 8$%0$#40%,

O F$ 2/ 0/9'% "#(2 tf /%0 "J!3 q(.) /%0 8$0/ )'*+) , !" '-"(,+) '&1) 2(

0&'&2&K$/ L∞ *)/%', )'*+) , !" '-"(,+) '&1) '&1) 2( 0&'&2&K$/ C0
- %$ /22/

/%0 &'0$9(2/ 8(#% 1# B&$%$#(K/ 8/ u '&1) 2( 0&'&2&K$/ L∞ *)/%', 8(#% 1#

B&$%$#(K/ 8/ q(.) '&1) 2( 0&'&2&K$/ C0
-,

O F$ 2/ 0/9'% "#(2 tf #E/%0 '(% "J!3 q(.) /%0 8$0/ )'*+) , !" '-"(,+) '&1)

2( 0&'&2&K$/ L∞ %$ '&1) 0&10 B&$%$#(K/ V 8/ u 8(#% L∞([t0, tf + ǫ], U)3
'&1) 0&10 )!/2 η 0/2 @1/ |η| ≤ ǫ /0 '&1) 0&10 4&#0)72/ v ∈ V %(0$%P($%(#0

E(q0, tf + η, v) = E(q0, tf , u)3 &# ($0 C(tf + η, v) ≥ C(tf , u) ,  / '21% q(.)
/%0 8$0/ )'*+) , !" '-"(,+) '&1) 2( 0&'&2&K$/ C0

%$ '&1) 0&10 B&$%$#(K/ W
8/ q(.) 8(#% M 3 '&1) 0&10 )!/2 η 0/2 @1/ |η| ≤ ǫ /0 '&1) 0&10/ 0)(>/40&$)/
y (%%&4$!/ 6 1# 4&#0)72/ v %1) [t0, tf + η] 4&#0/#1/ 8(#% Q /0 %(0$%P($%(#0

y(0) = q0 /0 y(tf + η) = q(tf )3 &# ($0 C(tf + η, v) ≥ C(tf , u)

 ! "# $%&'(&$# )* +,-&+*+

G/ ')$#4$'/ 81 9(J$919 8/ R&#0)H(K$#3 @1$ P&1)#$0 1#/ 4&#8$0$&# #!4/%=

%($)/ 8E&'0$9(2$0!3 /%0 2/ )!%120(0 P&#8(0/1) 8/ 2( 0S!&)$/ 9&8/)#/ 81 4&#0)72/

&'0$9(2, T&1% 2E!#&#U&#% $4$ %&1% 1#/ P&)9/ (%%/V K!#!)(2/ @1$ 4&))/%'&#8 (1J

')&:2<9/% 8/ 4&#0)72/ &'0$9(2 0)($0!% (1 4&1)% 8/ #&% 0)(B(1J 8/ )/4S/)4S/, A2

(89/0 #!(#9&$#% 8/% /J0/#%$&#% 6 8/ '21% 2()K/% 42(%%/% 8/ 8H#(9$@1/% /0 8/

4)$0<)/% 6 9$#$9$%/)3 B&$) WXX3 Y?Z,

,-!&./01 '('() *R)$#4$'/ 81 9(J$919 8/ R&#0)H(K$#-( .'!&(/$#'!& ) &0&%

"1, / *'!"#2) 345  " ) *'6" 3434 7( ) *'!"#2) u  &" '-"(,+) +)'#& ()  8(&" 

+[



 ! "#$% p0 ∈ R
∗
− $&  !$ '((%)*'&)+! p(.) ',-+% .$!& *+!&)! $ - " [t0, tf ] /#")0'!&

p(t) ∈ T ∗x(t)M &$%- 1 $ %$ *+ (%$ (p0, p) -+)& !+! &")/)'% $& ("$-1 $ ('"&+ & - "

[t0, tf ] +! ')&

q̇(t) =
∂H

∂p
(q(t), p0, p(t), u(t))

ṗ(t) = −∂H

∂q
(q(t), p0, p(t), u(t))

 !"#$

+2 3 $-& %4'((%)*'&)+! 5#0!)$ ('"

H : T ∗M × R
∗
− × U −→ R

(q(t), p(t), p0, u) −→ p0f0(q(t), u(t)) + 〈p(t), f(q(t), u(t))〉.

6$ (")!*)($ 5 .'7). . '-- "$ $! + &"$ %' *+!5)&)+! 5$ .'7).)-'&)+!

H(q(t), p(t), p0, u(t)) = max
v∈U

H(q(t), p(t), p0, v)  !"%$

("$-1 $ ('"&+ & - " %4)!&$"/'%%$ [t0, tf ]8 9) %$ &$.(- 5$ &"'!-:$"& tf !4$-& ('- 07#;

%4#<'%)&#

max
v∈U

H(q(t), p(t), p0, v) = 0  !"&$

$-& 5$ (% - /#")0#$ (+ " &+ & t ∈ [t0, tf ]8 =!0!; -) M0 >"$-(8 M1? $-&  !$ -+ -@

/'")#&# "#< %)A"$ 5$ M ; %4'((%)*'&)+! p(.) /#")0$ %' *+!5)&)+! 5$ &"'!-/$"-'%)&#

p(0) ⊥ Tq(0)M0 >"$-(8 p(tf ) ⊥ Tq(tf )M1)8  !"'$

 !"#$%$&# '('()( () *++,-.*/-01 H 23/ *++2,42 (-$ 5+@3'.)%&+!)$! 2/ ,* 50672

,-14*-62 p 23/ *++2,42 #&'& '5B+)!&" 81 *++2,,2 $7&"#.'%$ 9: +60;,<72 92 .01/6=,2

0+/-7*, 94>1- +*6 !"? 2/ !"! :1 @:*96:+,2/ (q(.), p(.), p0, u(.)) 30,:/-01 923 4@:*A

/-013 !"#B !"% 2/B ,2 .*3 4.C4*1/B !"& " D- p0 = 0B 01 9-/ @:2 ,)2E/647*,2 23/

'!+".'%$" D-101 01 2,,2 9-/2 !+".'%$" D- 92 +,:3 ,23 .019-/-013 92 /6*13F263*,-/4

301/ 3*/-35*-/23B ,)2E/647*,2 23/ *++2,42 CD@$7&"#.'%$"

G:-3@:2 U 23/ :12 23/ :12 F*6-4/4 ,-332 92 9-7213-01 m 01 +2:/ 3:++0326B 21

:/-,-3*1/ ,2 3H3/<72 92 .0069011423 ,0.*,23B @:2 ,0.*,2721/ U = R
m
" I-13-B -,

F-21/ 92 ,* .019-/-01 7*E-7-3*/-01 !"% ,)4J*,-/4

∂H
∂u

= 0" K067:,013 ,)CH+0/C<32

3:-F*1/2"

(L) .019-/-01 3/6-./2 92 (2J21962$ (* 50672 @:*96*/-@:2

∂2H
∂u2 23/ 94>1-2 14A

J*/-F2 ,2 ,01J 92 ,)2E/647*,2 (q(.), p(.), p0, u(.))"

(2 /C406<72 923 501./-013 -7+,-.-/23 *33:62 *,063 @:)-, 2E-3/2 :1 F0-3-1*J2 92

u 9*13 ,2@:2, ,23 .01/6=,23 2E/647*:E 301/ 923 501./-013 ,-3323 92 ,* 50672

ur(t) = ur(q(t), p(t)).

L2.- -19:-/ ,* 94>1-/-01 .-A92330:3"

 !"#$%$&# '('('( 81 94>1-/ ,2 3'.)%&+!)$! /"')B 4J*,2721/ *++2,4 3'.)%&+@

!)$! "#5 )& 2/ 10/4 HrB +*6

Hr(q, p) = H(q, p, ur(q, p)).

!M



 !"#$% %&'()*"+% %,' "+-(, ,-+$'.-/ 0$ ,1,'2*% !"*.+'-/.%/

q̇(t) =
∂Hr

∂p
(q(t), p(t)),

ṗ(t) = −∂Hr

∂q
(q(t), p(t))

34567

+%#$%+8 %/ 9-,"/' z = (q, p)8 ,:);(.'

ż(t) =
−→
Hr(z(t)). 345<7

 -**% /-$, +:"=-/, 0)>? ,-$+.@/) "$ 0)A$' 0% ;%''% ,%;'.-/8 .+ %&.,'% 0% /-*B

A(%$,%, C-(*$+"'.-/, 0$ 9(./;.9% 0$ *"&.*$*8 "0"9')%, "$& 0.D)(%/'%, ;+",,%,

0% ,1,'2*%, ;-/'(E+),8 ;-F', %' ;-/'("./'%, ,$( +%, ;-/'(E+%, "0*.,,.A+%,5 G-$(

;+-(% ;%''% ,%;'.-/8 )/-/H-/, ;% (),$+'"' 0"/, +% ;", 0:$/ ,1,'2*% 0% ;-/'(E+% +.B

/)".(% "=%; $/ ;-F' #$"0("'.#$%8 ;-**% +:%,' %/ 9"('.;$+.%( +% ;-F' )/%(@)'.#$%5

I-$, %&9+.#$%(-/, 0"/, +" ,%;'.-/ J54 %/ #$-. ;% '!)-(2*% /-$, " )') $'.+% 9-$(

./.'."+.,%( +%, *)'!-0%, /$*)(.#$%, 0% ;"+;$+ 0% '(">%;'-.(%, )/%(@.%B*./.*"+%,

"$ =-.,./"@% 0$ 9-./' L15

 !"#$%&' ()()( 3G(./;.9% 0$ *"&.*$* 0"/, +% ;", +./)".(% #$"0("'.#$%7)

 !"#$%&'!"# () #*#+,-) .!"+'/(&

ż = A(t)z +B(t)u

.!"+'/(01() #2' R
n
!3 A(t) )+ B(t) #!"+ %)24 -0+'$.)# .!"+$"2)# #2' (5$"+)'60(()

1!'"& [t0, tf ] 0770'+)"0"+ ')#7).+$6)-)"+ 8 Mn,n(R) )+ Mn,m(R)9 :&;"$##!"#
() .!<+

C0(u) =

∫ tf

t0

z(s)TW (s)z(s) + u(s)TU(s)u(s)dt

!3 W (s) )+ U(s) #!"+ %)24 -0+'$.)# .0''&)# .!"+$"2)# )+ #*-&+'$=2)# #2' (5$"+)'>
60(() [t0, tf ]9 ?277!#!"# %) 7(2# =2) W (s) )+ U(s) #!$)"+ ')#7).+$6)-)"+ #)-$>
%&;"$) 7!#$+$6) )+ 7!#$+$6) 7!2' +!2+ s ∈ [t0, tf ]9 ?!$)"+ G 2" #!2#>)"#)-1()

.!"6)4) .!-70.+ "!">6$%) %) R
n
)+ z0 ∈ R

n
9 @(!'# $( )4$#+) 2" 2"$=2) .!"+'/()

u∗(t) +)(() =2) (0 +'0A).+!$') 0##!.$&) z∗(t) -$"$-$#) () .!<+ C )+ 6&'$;) z∗(0) =
z0 )+ z

∗(tf ) ∈ G 9 B(2# 7'&.$#&-)"+C $( )4$#+) 2" &+0+ 0%A!$"+ η∗ +)( =2) z∗(t) )+
η∗(t) #!$)"+ #!(2+$!"# %)

ż = A(t)z +B(t)U(t)−1B(t)T ηT

η̇ = zTW (t)− ηA(t)
345KL7

!3 z∗(t0) = z0C z
∗(tf ) ∈ ∂G )+ η∗(tf ) )#+ $"+&'$)2' )+ "!'-0( 8 D )" z∗(tf )9 E)

.!"+'/() !7+$-0( u∗ )#+ 0(!'# %!""& 70'

u∗(t) = U(t)−1B(t)T η∗(t)T . 345KK7

M% (),$+'"' ,$.="/' ;-*9+2'% +% 9(./;.9% 0$ *"&.*$* 0"/, +% ;", +./)".(%

#$"0("'.#$% %' 9%(*%' 0:%&9(.*%( +% ;-/'(E+% -9'.*"+ ,-$, +" C-(*% 0:$/% A-$;+%

C%(*)%5

JL



 !"#$%&' ()()*)  !"#$%&'!"# () *'!+(,-) .!"#$#/0"/ 1 /'!23)' 2") /'04)./!$')

#!(2/$!" %)

ż = A(t)x+B(t)u(t)

z(0) = z0 ∈ R
n

 !"! !#$"% &' ()*%

C0(u) = x(tf )
TQx(tf ) +

∫ tf

t0

z(s)TW (s)z(s) + u(s)TU(s)u(s)dt

)+ Q, W (s) '% U(s) #)"% %-)!#  $%-!('# ($--.'# ()"%!"/'# '% #0 .%-!1/'# #/-
&2!"%'-3$&&' [t0, tf ]4 5/66)#)"# 7' 6&/# 1/' W (s) '#% #' !87.9"!' 6)#!%!3' '% 1/'
Q '% U(s) #)!'"% 6)#!%!3'# 6)/- %)/% s ∈ [t0, tf ]4 :&)-#, 6)/- %)/% z0 ∈ R

n
!&

';!#%' /"' /"!1/' %-$<'(%)!-' )6%! $&' z∗ $##)(!.' $/ ()"%-=&' u∗4 >' ()"%-=&' #'
 '% #)/# ?)- ' 7' @)/(&' ?'- .'

u(t) = U(t)−1B(t)TE(T )x(t)  !"#!$

)+ E ∈Mn(R) '#% #)&/%!)" #/- [t0, tf ] 7' &2.1/$%!)"  $%-!(!'&&' 7' A!(($%!

Ė(t) = W (t)−A(t)TE(t)− E(t)A(t)− E(t)B(t)U−1(t)B(t)TE(T ),

E(tf ) = −Q.
 !"#%$

&' ()*+,*(' -. /01*/./2 (.*33'454*6 75)' 89)/.6: -' 60 /0+*;)' 60 (6.3 <:+:4

)06' (933*=6'2 +' 89.)+*5 >.?.+' ,9+-*5*9+ +:,'330*)' -?9(5*/06*5:" @+ *+5)9-.*5

-9+, 60 +95*9+ -' 5'/(3 ,9+A.<.: <:9/:5)*>.' >.* '35 B 60 =03' -?.+' /:5C9-'

-. 3',9+- 9)-)' 9D)0+5 .+' ,9+-*5*9+ 3.E30+5' -?9(5*/06*5: 69,06' -?.+' '15):4

/06'"

 !" #$%&' ()*+,-,.' -.)%./012,$' $/ ()*31/1)*'

34)&/1%561/. 3, '$()*3 )030$

F9+3*-:)9+3 .+' G0)*:5: 6*33' M -' -*/'+3*9+ n '5 +959+3 Πq : T ∗M −→M

60 ()9A',5*9+ ,0+9+*>.' -. H=): ,950+<'+5 T ∗M 3.) M " I9*'+5

→
H .+ ,C0/( -'

G',5'.)3 C0/*659+*'+ 3.) T ∗M '5 z(t) = (q(t), p(t)) .+' 5)0A',59*)' -'

→
H -:H+*'

3.) .+ *+5')G066' [t0, tf ]" &?:<06*5: ż(t) =
→
H (z(t)) '35 069)3 G:)*H:' (9.) 59.5

t ∈ [t0, tf ]" @+ +95' expt(
→
H ) 6' J95 -. ,C0/( -' G',5'.)3

→
H "

 !"#$%$&# '()(*( &?:>.05*9+ G0)*05*9++'66'

δ̇z(t) = d
→
H (z(t))δz(t)

G:)*H:' 3.) [t0, tf ] '35 0(('6:' .1/$%!)" 7' B$()@! 6' 69+< -' z(.)" @+ 0(('66'

(C$ 6 7' B$()@! .+' 396.5*9+ J(t) +9+ 5)*G*06' -' 6?:>.05*9+ -' A0,9=* 6' 69+<

-' z(.) '5 9+ -*5 >.?*6 '35 3'-%!($& 0. 5'/(3 t 3* -Πq(z(t)).J(t) = 0" K+ 5'/(3 tc
'35 -*5 D') .%-!1/' '"% ()"</D/. 3* *6 '1*35' .+ ,C0/( -' L0,9=* G')5*,06 '+ M

'5 '+ tc" N.>.'6 ,032 6' (9*+5 q(tc)2 '35 -*5 ()"</D/. B q(0)"

O'/0)>.9+3 >.?'+ ,99)-9++:'3 69,06'32 .+ ,C0/( -' L0,9=* ('.5 3?:,)*)'

J(t) = (δq(t), δp(t))" &0 G')5*,06*5: -' J 0. 5'/(3 t 3' 5)0-.*5 069)3 δq(t) = 0"
&0 +95*9+ -' 5'/(3 ,9+A.<.: 0-/'5 60 <:+:)06*305*9+ 3.*G0+5'"

%#



 !"#$%$&# '()('(  !"# M1 $%& '!$'()*+",#, +,-$."/+& 0& M 1 2% %!#& M⊥
1 =

{(q, p) | q ∈ M1, p ∈ TqM1}1 2% 0"# 3$& tfoc ∈ [t0, T ] &'# $%  !"#$ %&'() '"

". &4"'#& $% 56*78 0& 9*5!:" J = (δq, δp) #&. 3$& δq(tfoc) = 0 &# J(tfoc) &'#
#*%-&%# ; M⊥

1 1

 !"#$%$&# '()()(  !"# z0 ∈ T ∗M 1 <!$+ #!$# t ∈ [t0, tf ]= !% 0,>%"# )*(##)+'( +&,

!-#&,!, +!))! 8*+

expt : z0 −→ Πq(z(t, z0))

!? z(t, z0) &'# .* #+*@&5#!"+& 0&

→
H '*#"'A*"'*%# z(0, z0) = z01

B*%' .& 'C'#/7& 0& 5!!+0!%%,&' .!5*.&'= 8$"'3$& z0 = (q0, p0) ∈ T ∗M = !%

8&$# ,5+"+& z(t, q0, p0) = (q(t, q0, p0), p(t, q0, p0))1  " .* 5!%0"#"!% "%"#"*.& q0 ∈M
&'# >4,&= .D*88."5*#"!% &48!%&%#"&..& 'D,5+"# expq0,t(p0) = q(t, q0, p0)1 E*88&.!%'
3$&.3$&' %!#"!%' 5.*''"3$&' 0& -,!7,#+"&1

 !"#$%$&# '()(*( E $% &'8*5& )&5#!+"&. '$+ R 0& 0"7&%'"!% 2n1 2% *88&..&

$ ./' /.! $0"#)!' +1/! ."%,*"+& '$+ E .* 0!%%,& 0D$%& %&."! !- 2.+!/.! ω= "1&
7$.#"."%,*"+& &# *%#"'C7,#+"3$&= 0& 0&-+, F &# %!%(0,-,%,+,&= "1& 3$" ),+">& .D,-*(

."#, ω(x, y) = 0 ∀y ⇒ x = 01

 !"#$%$&# '()(+(  !"# (N,ω) $%& )*+",#, 'C78.&5#"3$& 0& 0"7&%'"!% 2n1 G%&
'!$'()*+",#, +,-$."/+& L 0& N &'# 0"#& +$& .&#! '" '!% &'8*5& #*%-&%# &'# &% #!$#

8!"%# +$& .&#!= "1& .* +&'#+"5#"!% 0& ω(x) ; TxL× TxL &'# %$..& 8!$+ #!$# x ∈ L1
 " 0& 8.$' L &'# 0& 0"7&%'"!% n= *.!+' L &'# 0"#& 3(4.(,4+!,,!1

H* 8+!8!'"#"!% '$")*%#& +,'$.#& 0D$%& "%#&+8+,#*#"!% -,!7,#+"3$& 0& .D,3$*(

#"!% 0& 9*5!:"1

,-&.&/$%$&# '()(0( 5&+!, q0 ∈ M 6 L0 = T ∗q0M = R
4

! Lt = expt(
→
H )(L0)7

8)&.$ Lt !$ /,! $&/$9:(.+2 2 3(4.(,4+!,,! ;! T ∗M ;&, )*!$#('!  (,4!, !$ 

!,4!,;.2 #(. )!$ '<("#$ ;! =('&>+ ;&, )( '&,;+ +&, +,+ +()! (##(. +!, ? L07

@! #)/$ q(tc) !$ 42&"2 .+1/!"!, '&,A/4/2 ? q0 $+ ! $!/)!"!, $+ )*(##)+'( +&,

expq0,tc ,*!$ #($ /,! +""!.$+&, !, p07

I>% 0& A!+7$.&+ '*%' *7:"-$J#, .D6C8!#6/'& 0& A!+#& +,-$.*+"#, %,5&''*"+&

; .D!:#&%#"!% 0& .* 5!%0"#"!% 0D!8#"7*."#, 0$ '&5!%0 !+0+& 0*%' .& 5*' %!+7*.=

%!$' ,%!%K!%' .* 8+!8!'"#"!% '$")*%#&= )!"+ LMNO1

,-&.&/$%$&# '()('( 5&+ q0 ∈ M 7 B, '&, .C)! !- .2"() !$ /,! $+,4/)(.+ 2

;! )*(##)+'( +&, !, .2!9$&. +! 1/(,; )*!,$!">)! ;!$ '&, .C)!$ (;"+$$+>)!$ U !$ 

'&,$+;2.2 "/,+ ;! )(  &#&)&4+! L∞7 @! #)/$6 #&/.  &/ t ∈ [t0, tf ]6 )! :!' !/.

(;A&+, p(t) !$ &. <&4&,() ? )*+"(4! ;! )( ;+D2.!, +!))! DuEq0,t7

 $88!'!%' *.!+' P

(S) Q6C8!#6/'& 0& A!+#& +,-$.*+"#,R  !"# q0 ∈ M 1  $+ 56*3$& '!$'("%#&+)*..&

0&[t0, tf ]= .& 5!%#+S.& u &'# 0& 5!0"7&%'"!% M1 I$#+&7&%# 0"#= .D"7*-& 0& .* 0"T,(

+&%#"&..& DuEq0,t &'# 0& 0"7&%'"!% n− 11

2% 8&$# *.!+' ,%!%5&+ .& +,'$.#*# A!%0*7&%#*. 3$" +&."& .D!8#"7*."#, 0&' &4(

#+,7*.&' &# .* %!#"!% 0& #&78' 5!%@$-$, LM= MU= VUO1

NF



 !"#$%&' ()*)+)  !"# t1c $% &'%("%' #%(&) *!+,-.-/ ./!(/#'"0-% $% $!+. 1% z2
 !-) $%) 34&!#35)%) 678 %# 6 89 $: #':,%*#!"'% q(.) %)# $!*:$%(%+# !&#"(:$% )-'

[t0, t
1
c) &!-' $: #!&!$!."% 1% L∞ 6 %# C0

!&#"(:$% 1:+) $% *:) 1;-+% %<#'/(:$%

+!'(:$%8 = )" t > t1c :$!') $: #':,%*#!"'% q(.) +;%)# &:) $!*:$%(%+# !&#"(:$% )-'

[t0, t]2

 !"# $%# &%'( )*+,-!."%# #%,/.+"#0 "+'# )*1#%"/+"# 2'%$2'%# *1#'$/!/# 31"14

*!'( *%$!/.5# 6 $7!))$.,!/.+" &' )*.",.)% &' 8!(.8'8 %/ &%# ,+"&./.+"# &' #%,+"&

+*&*% &!"# $%# )*+9$:8%# &% 8.".8.#!/.+" &' /%8)# &% /*!"#5%*/ %/ &' ,+;/ 1"%*4

31/.2'%0 2'. #+"/ $%# &%'( ,*./:*%# !'(2'%$# "+'# "+'# #+88%# ."/1*%##1# &!"#

"+# /*!<!'(=

 !" #$%&'()* +* ,*)-. )/0/)1'

 !"!# $% &'( )*+,'-

>+'* ,+$$%* !' ,+"/%(/% #)1,.?2'% &% "+/*% 1/'&%0 +" #% $.8./% 6 ,+"#.&1*%*

$% #@#/:8% ,+"/*A$1 9.4%"/*1%# #'* R
n

q̇ = F0(q) + ǫ
2∑

i=1

uiFi(q), ǫ > 0, u2
1 + u2

2 ≤ 1 BC=DEF

+G $%# ,-!8)# &% <%,/%'*# &% R
n F00 F1 %/ F2 #+"/ #'))+#1# $.##%#= H+88% "+'#

$7!<+"# &1I6 1<+2'1 %" #%,/.+" D=C=J0 $% *1%$ ǫ *%)*1#%"/% $! 9+*"% .8)+#1% #'* $!
"+*8% &' ,+"/*A$%= K" &+./ $% ,-+.#.* #.3".?,!/.<%8%"/ )%/./ #. $7+" *%,-%*,-% &%#

/*!I%,/+.*%# 6 5!.9$% )*+)'$#.+"= K" #7."/1*%##% !' )*+9$:8% &' /%8)# 8.".8!$

min
u(.)∈B

R2
(0,1)

∫ tf

t0

dt.

 7!)*:# $% )*.",.)% &' 8!(.8'80 $%# /*!I%,/+.*%# +)/.8!$%# #+"/ &%# )*+I%,/.+"#

&7%(/*18!$%# (q(.), p(.), p0, u(.)) #+$'/.+"# &' #@#/:8%

q̇(t) =
∂H

∂p
(q(t), p0, p(t), u(t)), ṗ(t) = −∂H

∂q
(q(t), p0, p(t), u(t))

+G H %#/ $% )#%'&+4L!8.$/+".%"

H(q, p, u) = −p0 +H0(q, p) + ǫ(u1H1(q, p) + u2H2(q, p))

%/

Hi(q, p) =< p, Fi(q) >, i = 0, . . . , 2.

M! ,+"&./.+" &% 8!(.8.#!/.+" C=N .8)$.2'% 2'% #. (H1(q, p), H2(q, p)) 6= (0, 0)0
$% ,+"/*A$% %(/*18!$ u %#/ &+""1 )!*

ui =
Hi√

H2
1 +H2

2

, i = 1, 2.

>$!O+"#4"+'# &!"# $% ,!# "+*8!$ +G p0 6= 0= K" )%'/ %P%,/'%* $! "+*8!$.#!/.+"
p0 = −1 %/ +9/%".* !."#. $% L!8.$/+".%" <*!.

Hr(z) = −1 +H0(z) + ǫ
√
(H2

1 (z) +H2
2 (z)).

+G z = (q, p)= M% /%8)# ?"!$ tf "71/!"/ )!# ?(10 +" #!./ 2'% Hr %#/ .&%"/.2'%8%"/

"'$ #'* [t0, tf ] &7!)*:# $713!$./1 C=Q=

RR



 !"#$%$&# '()(*(  ! "##$%%$  !"#$%& '& %())!*$*+(, %&$!'$()%$

Σ = {z ∈ T ∗Rn, H1(z) = H2(z) = 0}*

 ! "##$%%$ -(+,* '.("'"& / +! ,%,($!- z ∈ T ∗Rn\Σ $- -(+,* '.("'"& 0 +! ,%,($!-

z ∈ Σ -$% .+$ (Ḣ1(z), Ḣ2(z)) 6= 0*

/! 0$123' 0$ %" '+34"5$ 0$ 52((+-"-62!7 %$' 52!-38%$' $9-3,("+9 "##"3:

-6$!!$!- 02!5 "+ 5$35%$ +!6-, S
1 ⊂ R

2
* ;2!'60,32!' %$ 5"' #"3-65+%6$3 2< q ∈ R

4
*

=2+3 (,(263$7 0,>!6''2!' %" !2-62! 42!0"($!-"%$ 0$ %"(%1&* '& 2+&7 ?263 @A7 BCD*

 !"#$%$&# '()('( E26$!- M +!$ ?"36,-, %6''$ 0$ 06($!'62! n $- X,Y 0$+9

51"(#' 0$ ?$5-$+3' %6''$' '+3 M * F$ %"(%1&* '& 2+& 0$ X $- Y 7 !2-, [X,Y ]7 $'-
%$ 51"(# 0$ ?$5-$+3' %6''$ '+3 M 0,>!6 #"3 52!?$!-62! #"3

[X,Y ] = Y X −XY,

'26-7 $! 522302!!,$' %25"%$'7

[X,Y ](q) =
∂X

∂q
(q)Y (q)− ∂Y

∂q
(q)X(q).

E+##2'2!' .+$ %$' 51"(#' 0$ ?$5-$+3' F0, F1 $- F2 '2!- -$%' .+$ D =
G$5-{F1, F2} '26- +,3(4!*+3&7 5&$'-:H:063$ .+$ [F1, F2] ⊂ D7 $- .+$7 #2+3 -2+-
x ∈ R

4
%$ 3"!I 0$ %" 4"(6%%$ {F1, F2, [F0, F1], [F0, F2]} '26- ,I"% H C*  ! #$+-

"%23' (2!-3$3 %$ 3,'+%-"- '+6?"!- 02!- 2! -32+?$3" +!$ #3$+?$ 52(#%J-$ 0"!'

@BKD*

+,&-&.$%$&# '()(*( 5, !, -(+,* '.("'"& 06 4& %(,*"74& u *(!",& +, *$,*$,8)&,*

'.!, $,94& π: ;!*"&)&,* '+*6 (, $ 4.89$4+*8 u(t+) = −u(t−):

 ! $! 0,0+6-7 '2+' 423($ 0$ #32#2'6-62!7 %$ 5232%%"63$ '+6?"!-*

+,&-&.$%$&# '()('( <1$=!& *"$>&%*(+"& *&)- ?)+,+)$4& & * !,& %(,%$*8,$*+(,

'.!, ,()@"& A,+ '.$"% '.("'"& / $3&% '& π? +,9!4$"+*8 $!B -(+,* '& >(,%*+(,:

L2+' $9#%6.+$32!' $! '$5-62! M*B7 .+$ %$' ,.+"-62!' 0+ (2+?$($!- 52!-38%,

0+ #32)%J($ 3$'-3$6!- 0$' M 523#' #%"! #$+?$!- N-3$ ,536-$' '2+' %" 423($ 0&+!

'O'-J($ 52!-38%, )6:$!-3,$ '+3 R
4
"?$5 0$' 51"(#' 0$ ?$5-$+3' F07 F1 $- F2 %6''$'*

F" #32#2'6-62! K*C*K !2+' " "6!'6 42+3!6 %" P+'-6>5"-62! -1,236.+$ 0+ #36!56#$ 0$

%" 52!-6!+"-62! !+(,36.+$ .+$ !2+' "?2!' +-6%6',$ #2+3 5"%5+%$3 0$' -3"!'4$3-'

Q$33$:F+!$ H -$(#' (6!6("% 0&2303$ R*

 !"! #$ %&' &()*+&,

F$' 3,'+%-"-' 3$%"-64' "+ 5"' "!23("% 0+ #32)%J($ 0+ -$(#' (6!6("% .+$ !2+'

#3,'$!-2!' 0"!' 5$--$ '$5-62! '2!- 6''+' 0$ @BSD 2< >I+3$!- ,I"%$($!- %$+3 0,:

(2!'-3"-62! 0,-"6%%,$ * T"##$%2!' -2+- 0&")230 %" (,-120$ 5%"''6.+$ .+6 #$3($-

0&$9#36($3 +! 'O'-J($ 52!-38%, )6:$!-3,$ '2+' %" 423($ ,.+6?"%$!-$ 0&+! 'O':

-J($ (2!2:$!-3,$ ?6" +!$ *"$, #(")$*+(, '& C(1* U692!' ǫ > 0 $- 52!'60,32!'
%$ 'O'-J($ )6:$!-3,$ '+3 R

n

q̇ = F0(q) + ǫ

2∑

i=1

uiFi(q), q ∈ R
n, u2

1 + u2
2 = 1

MC



 !"# $% &'%( !)*+,-$#!"-%" .!//%'&!" +"# '01./-#

H(q, p, u) = H0(q, p) + u1H1(q, p) + u2H2(q, p)

.!,,% "!(' $0+2!"'  134 2(  +"' $+ '%.#-!" 567686 9" (#-$-'+"# $+ &+/+,1#/-'+#-!"

u1 = cosα, u2 = sinα,

$% ':'#;,%  %2-%"#

q̇ = F0(q) + ǫ cosαF1(q) + ǫ sinαF2(q), α ∈ R

%# %" .!"'- 1/+"# $+ 2+/-+<$% +(=,%"#1%

q̃ =

(
q
α

)
,

-$ '% /11./-# '!(' $+ >!/,%  ( ':'#;,% ,!"!)%"#/1%

˙̃q = F̃0(q̃) + vF̃1(q̃) ?568@A

!B

F̃0(q̃) =

(
F0(q) + ǫ cosαF1(q) + ǫ sinαF2(q)

0

)
, F̃1(q̃) =

(
0R4

1

)
C v = α̇.

 !"#$%$&# '()(*( D!-# M ("% 2+/-1#1 $-''%  %  -,%"'-!" n6 E%  !" #$% &$ '"()*

)"+  %  %(F >!".#-!"' G+,-$#!"-%""%' H1 %# H2 '(/ M %'#  1H"- &+/

{H1, H2} = dH1(
−→
H2)

'!-#C %" .!!/ !""1%' .+"!"-I(%' (q, p)C

{H1, H2}(q, p) =
n∑

i=1

(∂H1

∂qi

∂H2

∂pi
− ∂H1

∂pi

∂H2

∂qi

)
.

J" &%(# +$!/' 1"!".%/ $% #G1!/;,% '(-2+"#6

+,!&-./0 '()(1( ,$) $-%!./01$) )(+231(4!$) &5 )5)%4/$ (F̃0, F̃1) $% 1$  "+%!61$

ũ(z̃) = −
{{H

F̃1

, H
F̃0

}, H
F̃0

}
{{H

F̃1

, H
F̃0

}, H
F̃1

}

)"+% 1$)  "3!7$) (+%.2!01$) &3  #0/8 &$ 9$ %$3!) #0/(1%"+($+ 1())$ H̃r(z̃) &$

1:$)80 $ &$)  "+%!0(+%$)

H
F̃1

= {H
F̃1

, H
F̃0

} = 0,

";

H
F̃0

=< p̃, F̃0 >,H
F̃1

=< p̃, F̃1 > .

<11$)  "!!$)8"+&$+% 03- $-%!./01$) )(+231(4!$) &3 )5)%4/$ &:"!(2(+$=

E+ &/!&!'-#-!" '(-2+"#% >!(/"-# ("% .!" -#-!" "1.%''+-/% %# '(K'+"#%  0!&#-)

,+$-#1 $!.+$%  0("% #/+3%.#!-/%  +"' $% .+' +"!/,+$6

L@



 !"#"$%&%"' ()*)+)  !"# $%# &!'$()(!'# *+'+,(-"%#. "'% %/),+012% 1'!,012%

%#) 2!&12%0%') )%03#40('(012% 5"#-"61" 3,%0(%, )%03# &!'5"*"+ '!)+ t1cc7

 ! "#$"%$ &! t1cc $! $'() &*%(! !+,-./#$! #('-/#$! 0-!(& !( "'/0,! $# "'(&12
,1'( H

F̃0

= 0 !, &134-! 0#- "'(5.6%!(, &% "#$"%$ &% 0-!/1!- ,!/05 "'(7%)%. t1c
"'--!50'(&#(, #% "#5 ('-/#$8  ! -.5%$,#, 5%19#(, '3-! %(! "'/0#-#15'( !(,-!

"!5 &!%+ ,!/058

,-."!/01 ()*)() 8% 2!'* $6"'% %/),+012% 1'!,012%. !' 1 t0 < t1cc < t1c7

:'%5 ;'%-(155'(5 (',#//!(, %(! 9.-1<"#,1'( (%/.-16%! &! "! -.5%$,#, &#(5

$! "'(,!+,! &% 0-'=$4/! &! /1(1/15#,1'( &% ,!/05 &! ,-#(5;!-, >!--!2L1? 9'1-

$# 5!",1'( @8A8

 !" #$%&'()* +* ),-,),./0,%- +* '12-*$3,*

B#(5 $! 0-'=$4/! &! $# /1(1/15#,1'( &% "'C, .(!-).,16%!? $# ='-(! 5%- $#

('-/! &% "'(,-D$! 0!%, E,-! -!$#+.!8 F'(51&.-'(5 &'(" $! 5G5,4/! &! "'(,-D$!

=12!(,-.! 5%- R
n

q̇ = F0(q) +
2∑

i=1

uiFi(q), u ∈ R
2

!, 1(,.-!55'(52('%5 H $# /1(1/15#,1'( &% "'C,

∫ tf

t0

u2
1 + u2

2dt

'I $! ,!/05 &! ,-#(5;!-, tf !5, 5%00'5. <+.8  ! 05!%&'2J#/1$,'(1!( &'((. 0#-

$! 0-1("10! &% /#+1/%/ 5*."-1, #$'-5

H(z, u) = p0
m∑

i=1

u2
i+ < p, F (x, u) > ?

'I z = (x, p) ∈ T ∗Rn
!, p0 ≤ 08 K1 p0 < 0 '( 0!%,? 0#- L'/').(.1,.? !3!",%!-

$# ('-/#$15#,1'( p0 =2AMN8 O%156%! $! &'/#1(! &% "'(,-D$! (*!5, 0#5 ='-(.? $#
"'(&1,1'( &! /#+1/15#,1'( 5*."-1, ∂HM∂u P? &! $#6%!$$! '( &.&%1, $*!+0-!551'(

&% "'(,-D$! !+,-./#$

ui = Hi(z) =< p, Fi(q) >, i = 1, 2.

Q( 5%=5,1,%#(, &#(5 $*!+0-!551'( &! H? '( '=,1!(, $! J#/1$,'(1!( 9-#1

Hr(z) = H0(z) +
1

2

∑
H2

i (z).

 # 5%1,! &! "! "L#01,-! !5, &.&1.! H $# 0-.5!(,#,1'( &!5 /.,L'&!5 &! "#$2

"%$ (%/.-16%! !( "'(,-D$! '0,1/#$ 6%! ('%5 #9'(5 !/0$'G.!5 #% "'%-5 &! ('5

,-#9#%+8

@R



 !" #$%&'() () %*+ ,*-./)

 ! "#$%&'( '( $)* +)",-( (+$ ./( "#$%&'( /."#*)0.( ')$(  !" #$%&$ 0.)

,(*"($ '( *#+&.'*( ./ ,*&1-2"( !.3 4!-(.*+ -)")$(+ )++. '( -5!,,-)6!$)&/ '.

,*)/6),( '. "!3)"."7 4&)* 89:;< =( '(*/)(* )",-)0.( 0.( -(+ +&-.$)&/+ '5./

,*&1-2"( '( 6&/$*>-( &,$)"!- '. $?,( '( 6(-.) '#@/) ,!* -( +?+$2"( 6&/$*>-#

A<9 ($ -( 6&B$ A<A7 '&/$ &/ +.,,&+( '!/+ ./ ,*(")(* $(",+ 0.( -( $(",+ @/!-

tf (+$ @3#7 +&/$ -(+ ,*&C(6$)&/+ '5(3$*#"!-(+ (q(.), p(.), p0, u(.))< D- +5!E)$ !-&*+
'5.$)-)+(* -! 6&/')$)&/ '( "!3)")+!$)&/7 ($ !. 1(+&)/ 6(*$!)/(+ %?,&$%2+(+ $(--(+

0.( ,!* (3(",-( -! 6&/')$)&/ +$*)6$( '(  (E(/'*(7 ,&.* (3,*)"(* -&6!-("(/$ -(+

6&/$*>-(+ (3$*#"!.3 +&.+ -! F&*"( '( F&/6$)&/+ -)++(+ ur(t) = ur(q(t), p(t))7 -(
+?+$2"( (3$*#"!- +( *##6*)4!/$ !-&*+

ż(t) =
−→
Hr(z(t))

&G z = (q, p)< H/ (3,*)"!/$ -(+ 6&/')$)&/+ )/)$)!-(+7 @/!-(+ ($ -(+ 6&/')$)&/+

#4(/$.(--(+ '( $*!/+4(*+!-)$# +&.+ -! F&*"( R(z(0), z(tf )) = 07 -( ,*&1-2"( !.3
4!-(.*+ -)")$(+ 0.( -5&/ '&)$ *#+&.'*( '(4)(/$

ż(t) =
−→
Hr(z(t))

R(z(0), z(tf )) = 0<
IA<9JK

L.,,&+&/+ !4&)* @3# ./( 6&/')$)&/ )/)$)!-( q0< M&.+ +&""(+ 6&/'.)$+ N -! '#@O
/)$)&/ +.)4!/$(<

 !"#$%$&# '()(*( P/ !,,(--( '(!%& (! "$ & # -5!,,-)6!$)&/ E '#@/)( ,!*

E : p0 −→ R(z0, z(tf ))<

 ! *#+&-.$)&/ '. ,*&1-2"( !.3 '(.3 1&.$+ (+$ '&/6 #0.)4!-(/$( N -! '#$(*O

")/!$)&/ '5./ Q#*& '( -! F&/6$)&/ '( $)* E< P/ ,!*-( !-&*+ '( *#+&.'*( )*+,-.& (!

"$ & #< R.)+0.( ur(q, p) (+$ -)++(7 -! F&/6$)&/ '( $)* E -5(+$ #E!-("(/$<  ( Q#*&

6%(*6%# ,(.$ '&/6 S$*( &1$(/. 4)! -! "#$%&'( '( M(T$&/7 +) $!/$ (+$ 0.5&/ ')+O

,&+( '5./( !,,*&3)"!$)&/ !++(Q ,*#6)+( '( -5#$!$ !'C&)/$ )/)$)!- p0 < U("!*0.&/+
0.( +) -( $(",+ tf /5(+$ ,!+ @3# "!)+ -)1*(7 )- +.V$ '( 6&/+)'#*(* tf 6&""(

./( )/6&//.( +.,,-#"(/$!)*( ,&.* +( *!"(/(* N ./ ,*&1-2"( +("1-!1-( '( *(O

6%(*6%( '( Q#*& '5./( F&/6$)&/ '( $)*< P/ )/6&*,&*( !-&*+ -! 6&/')$)&/ @/!-( '(

/.--)$# '. W!")-$&/)(/ 4*!) Hr(z(tf )) = 07 '#'.)$( '( -5#E!-)$# A<J7 N -5#0.!$)&/
R(z(0), z(tf )) = 0 ,&.* &1$(/)* ./ ,*&1-2"( 1)(/ ,&+#<

 ( ,*&1-2"( '( -5!,,*&3)"!$)&/ '( p0 (+$ ./( '(+ ,*)/6),!-(+ ')V6.-$#+ N
+.*"&/$(* ,&.* (+,#*(* F!)*( 6&/4(*E(* -! "#$%&'( '( $)*< X/( )",&*$!/$( ,!*$)(

'( /&$*( $*!4!)- ! 6&/+)+$# N '#$(*")/(* '( ,*#6)+(+ )/)$)!-)+!$)&/+ '( 6($$( "#O

$%&'(7 ,(*"($$!/$ !)/+) '( 6!-6.-(* -(+ $*!C(6$&)*(+ N $(",+ ")/)"!- ($ #/(*E)(

")/)"!-( '!/+ -(+ 6&/$(3$(+ '(+ ,*&1-2"(+ '(+ $*&)+ 6&*,+ ,-!/ ($ +,!$)!-< R&.*

6( F!)*(7 /&.+ !4&/+ /&$!""(/$ .$)-)+# ')Y#*(/$(+ "#$%&'(+ '( 6&/$)/.!$)&/

/."#*)0.(7 '&/$ /&.+ (3,-)0.&/+ -( ,*)/6),( E#/#*!- '!/+ -! +(6$)&/ +.)4!/$(<

 !0 #$%&'() () 1'2%*234%*'2

 ! "#$%&'( '( 6&/$)/.!$)&/ *(,&+( +.* -5)'#( '( 6&/+)'#*(* -( W!")-$&/)(/

4*!) Hr !++&6)# !. ,*&1-2"( '( 6&/$*>-( &,$)"!- !.0.(- &/ +5)/$#*(++(7 6&""(

Z[



 !" "#$%& H1 '!(%$ )*#+  $ '$ ,*#+ &-%+$%.  +..$. (Hλ)λ∈[0,1] '-%&  !" "#$%& H0

+%'(+& (%$ "/(*&+-% '$ &+0 )*1+ $ 2 0".-('0$3 4* 1-%.&0(1&+-% '!(%$ &$  $ )*#+  $

$.& 1-%'+&+-%%"$ 5*0  * 5$0&+%$%1$ '( 16-+7 '( 5*0*#8&0$ λ3 9$ (+:1+ '-+& ;&0$ (%

5*0*#8&0$ %*&(0$ '( 50-< 8#$ '-%&  $ 16-+7 $.& =(+'" 5*0 (%$ <-%%$ 1-%%*+.:

.*%1$ '$  * 56>.+/($ '( 50-< 8#$3 ?% $% '"'(+& (% * =-0+&6#$ 6-#-&-5+/($

5$0#$&&*%& '$ 1* 1( $0 (%$ .- (&+-% '$  !"/(*&+-% '$ &+0 1-00$.5-%'*%&$ 2 Hr3

@-% .16"#* $.&  $ .(+A*%& B

C3 ?% '"&$0#+%$  $ 5-+%& '$ '"5*0& p00 *..-1+" 2 λ = 0 '$  * #"&6-'$ '$

1-%&+%(*&+-%3 ?% 5$(& *+%.+ 1* 1( $0 (%$ $7&0"#* $ '$ 0")"0$%1$ z0(t) .(0

[t0, tf ] 5*0&*%& '$ (q0, p0) $& .*&+.)*+.*%&  $. 1-%'+&+-%.  +#+&$.3

D3 ?% 1-%.&0(+&  $ 16$#+% '$. λ3 ?% *'-5&$ (%$ '+.10"&+.*&+-% E('+1+$(.$#$%&

16-+.+$ F λ0, λ1, . . . , λN = 1 &$  $ /($  !"/(*&+-% '$ &+0 $.& 0".- ($ +&"0*:

&+A$#$%& $% λi+1 '$5(+. λi3 ?% 0$#*0/($ /($  !(&+ +.*&+-% '$  * #"&6-'$

'$ G$H&-% +#5 +/($ '$ ="%"0$0 *( 1-(0. '$  !* =-0+&6#$  * '+I"0$%&+$  $

'$ 16*/($ )-%1&+-% '$ &+0 Ei, i = 0, 1, . . . , N 3

J3 ?% 1-%.&0(+& *+%.+ (%$ .(+&$ p00, . . . , pN0 '$ .- (&+-%. '$. "/(*&+-%. '$ &+0

*..-1+"$. *(7 )-%1&+-%. E0, . . . , EN 3 4* 1-%'+&+-% +%+&+* $ pN0 $.& 1$  $ /(+

"&*+& 0$16$016"$3

4* A* +'+&" '$ 1$&&$ #"&6-'$ $.& =*0*%&+$ 5*0  $ &6"-08#$ .(+A*%&K A-+0 LMDN3

 !"#$%&' ()*)+)  !"# B $% &!'$( ')"#* +( R
n
(# ,!"# F : B → B ')( %--$".%#"!)

+( .$%,,( C2/ 0!'1 a ∈ B (# λ ∈ [0, 1]2 !) -!,(

ρa(λ, x) = λ(x− F (x)) + (1− λ)(x− a).

 '--!,!), 3'( -!'1 .4%3'( -!")# 56( +( F 2 $% 7%#1".( 8%.!&"())( +( $9%--$".%:

#"!) x → x − F (x) ,!"# )!) ,");'$"<1(/ =$!1,2 -!'1 -1(,3'( #!'# -!")# %--%1#(:

)%)# > $9")#*1"('1 +( B2 $9(),(7&$( +(, ?*1!, +( ρa .!),",#( () ') )!7&1( 5)"

+( .!'1&(, C12 +",@!")#(, (# +( $!);'('1 5)"(2 A!"1 $% 5;'1( B/C2 +( $% D!17( E

C/ ')( .!'1&( D(17*( +( [0, 1]×B F

B/ ') %1. +9(6#1*7"#*, %--%1#()%)# > {1} ×B F

G/ ')( .!'1&( @!";)%)# (0, a) > (1, x̄)2 !H x̄ (,# ') -!")# 56( +( F /

4!* =-0+&6#$ 1-%.+.&$ '-%1 2 .(+A0$  * 1-(0<$ '$ O"0-. '!(%$ )-%1&+-% '$  *

)-0#$ ρa $% *55 +/(*%&  * #"&6-'$ '$ G$H&-%3

P$%&+-%%-%. (% 0".( &*& 1-#5 "#$%&*+0$ )-(0%+..*%& (%$ 1-%'+&+-% %"1$.:

.*+0$ $& .(Q.*%&$ 5-(0 /($  $. .- (&+-%. '$. "/(*&+-%. '$ &+0 *..-1+"$. 2  *

)*#+  $ '$ ,*#+ &-%+$%. (Hλ)λ∈[0,1] .$ 50".$%&$%& .-(. )-0#$ '$ 1-(0<$.  +..$.3

@*%. 5$0&$ '$ ="%"0* +&"K $& 5*0 .-(1+ '$ .+#5 +1+&"K -% 5$(& .(55-.$0 /($  $

&$#5. R%* tf $.& R7" $& /($  * 1-%'+&+-% R%* $ .!"10+& qf = q1K  $ &6"-08#$

"%-%1" 5*0  * .(+&$ .!*'*5&*%& 5*0)*+&$#$%& *(7 *(&0$. 1*.3 4* )*#+  $ 5*0*#":

&0"$ (Eλ)λ∈[0,1] '$. )-%1&+-%. '$ &+0 $.& * -0. '"R%+$ 5*0

Eλ(p0) = expλq0,tf (p0)− x1, ∀λ ∈ [0, 1].

S%$ .+#5 $ *55 +1*&+-% '( &6"-08#$ '$. )-%1&+-%. +#5 +1+&$. )-(0%+& * -0.  $

0".( &*& .(+A*%&3
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-,"%,0,+$ -) %, (!)+$ q1 = expλq0(p(0), t
λ
f ) +&,-$ ('- *!+2"/"3 4 q05 6, (%"- %,-
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′
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., ='*!9)5
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C23&) D),%6$%+-.-%(F; <2 6/.5%*) *) ,%(.-(&2.-%( 2 /./ -6$3/6)(./) $2'233G3)7
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 !"#$%&'#%!" ()%*"#%+,'*

 !" #$%&'()$*' #)$$)+,-&) . *)/0' /1&1/%2 )* 3&)$+

41) /1&1/%2)

 ! "#$%&'#$ ()*+#&,-+&)* .$ ($ +#!/!&0 .$ +1'2$ ! 3+3 .$ (!0(-0$# *-%3#&4

5-$%$*+ .$2 +#!*26$#+2 7$##$4 -*$ 8 ")-223$ 6!&,0$ .!*2 0$ "#),0'%$ #$2+#$&*+

.$2 9 ()#"2 "0!*: ;$ +$00$2 +#!<$(+)&#$2 2)*+ 2)0-+&)*2 .- 2=2+'%$ >:?@A 0$5-$0A

$* ")2!*+ q = (q1, q2, q3, q4) = (x, y, ẋ, ẏ)A "$-+ B+#$ #33(#&+ 2)-2 0! 6)#%$ .-
2=2+'%$ ()*+#C03 ,&4$*+#3$

q̇ = F0(q) + F1(q)u1 + F2(q)u2A D9:>E

)F F0, F1 $+ F2 2)*+ 0$2 (1!%"2 .$ /$(+$-#2 0&22$2 .$ R
4
.)**32 "!#

F0(q) =




q3
q4

2q4 + q1 − (1− µ) q1+µ

((q1+µ)2+q2
2
)
3

2

− µ q1−1+µ

((q1−1+µ)2+q2
2
)
3

2

−2q3 + q2 − (1− µ) q2

((q1+µ)2+q2
2
)
3

2

− µ q2

((q1−1+µ)2+q2
2
)
3

2




,

F1(q) =




0
0
1
0


 , F2(q) =




0
0
0
1


 .

 $2 ()*.&+&)*2 &*&+&!0$2 $+ G*!0$2 .$2 +#!*26$#+2 .)&/$*+ #$2"$(+&/$%$*+ (!#!(+34

#&2$# .$2 )#,&+$2 +$##$2+#$2 $+ 0-*!&#$2: H!# ()%%).&+3A *)-2 !/)*2 GI3 0J)#,&+$

K3)2+!+&)**!&#$ ()%%$ )#,&+$ &*&+&!0$ $+ 0J)#,&+$ (&#(-0!&#$ ($*+#3$ 2-# 0!  -*$

()%%$ )#,&+$ (&,0$: L)-2 !/)*2 !0)#2 .3+$#%&*3 .$2 +#!*26$#+2 8 ")-223$ 6!&,0$ $*

()*2&.3#!*+ 0$2 "#),0'%$2 .$ %&*&%&2!+&)* .- ()M+ 3*$#K3+&5-$ .J-*$ +#!<$(+)&#$

min
u(.)∈R2

∫ tf

t0

u2
1 + u2

2dt,

 !"#$%&  & '&()# *& '"+,#-&"' tf &#' ./01 &' *& (2,2(2#+'2!, *% '&()# *& '"+,#-&"'

min
u(.)∈B

R2
(0,ǫ)

∫ tf

t0

dt
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)#--#,)-# :#-, */( I%# 0# *% !(-#1 =#, '8,#-:!)(' , ,%""9-# ) */(6&*(0!)(' $# *!

,)-%0)%-# $# :!-(5)5, ( :!-(! )#,<  ' &*%, ,#%*#6# ) &'%- *! 0' 0#&)(' $# )-!7

3#0)'(-#, J ?!(8*# 0'K) # 5 #-"(# 6!(, &'%- *# 0!*0%* $# )-! ,?#-), '&)(6!%@ $! ,

*# ,>,)96# F#--#72% #1 L#))# 0' ,($5-!)('  '%, ! 0' $%() J  '%, ( )5-#,,#- !%

&-'8*96# $# )-! ,?#-) J 5 #-"(# 6( (6!*# -#,)-#( ) !% :'(,( !"# $# L11 M'%- 0#))#

5)%$#  '%, !:' , &-5?5-5 0' ,($5-#- *# &-'8*96# -#,)-#( ) $#, N 0'-&, ,&!)(!*<
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L'66# 0#*! ! $53J 5)5 !8'-$5 # ,#0)(' O1N1N<  ')-# 5)%$# ! &'-)5 ,%- *#

&-'8*96# $# *! 6( (6(,!)(' $% 0'K) 5 #-"5)(+%#

∫ tf

t0

u1(t)
2 + u2(t)

2 + u3(t)
2dt. PN1QR
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6!)(' *( 5!(-# W s
+(S

3
h) $# *! :!-(5)5 ,)!8*# #) *! 8-! 0B# &',()(:# $# */!&&-'@(7

6!)(' *( 5!(-# Wu
+(S

3
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$(#- */(6&!0) $# *! ,)-%0)%-# $# :!-(5)5, ( :!-(! )#, ,%- *# 0!*0%* $# )-!3#0)'(-#,

5 #-"(#76( (6!*#, # )-# *#, .' #, $/!))-!0)(' )#--#,)-# #) *% !(-#1 V# &*%,< !C 

$# 0!*0%*#- $#, &'-)(' , $# )-! ,?#-), F#--#72% #< (* #,)  50#,,!(-# $# 0B'(,(- $#,

0' $()(' , ( ()(!*#, !&&!-)# ! ) J *! 8-! 0B# $# *! :!-(5)5 ,)!8*# # &-':# ! 0#

$% $'6!( # $/( I%# 0# )#--#,)-#1 W!&&#*' , +%# *# 0B! "#6# ) $# 0''-$'  5#,

,>6&*#0)(+%# A $5C ( # ,#0)(' O1N1Q ?'%- () *! -#*!)(' # )-# */!8,0(,,# x $%

,>,)96# $# 0''-$'  5#, 0# )-5 # L1 #) *#, 0''-$'  5#, $# *! -5"(' $/5+%(*(8-#

SS



R

x(t) =
2λ1

s1
q1(t)−

2λ1

s1
p1(t) +

2ω1

s2
p2(t)

=
2λ1

s1
q01 exp

λ1t−2λ1

s1
p01 exp

−λ1t +
2ω1

s2
(q02 cosω1t+ p02 sinω1t).

 !"!#

$% &'()*+,,- x .- &( /-%%- .(0, &- ,1,234- .- *55%.5006-, *-02%6-, -0 L1 -,2 067

8(2+9-" $0 .5+2 .50* ,6&-*2+500-% :0- *50.+2+50 +0+2+(&- p01 .- 4(0+3%- ; 5)2-0+%

&- *54<5%2-4-02 (,14<252+=:- x(t) → −∞ =:(0. t → −∞" >( *50,2(02-

2λ1

s1
62(02 <5,+2+9-? 50 -0 .6.:+2 =:'+& @(:2 *A5+,+% :0 <5+02 (<<(%2-0(02 ; &( )%(0*A-

<5,+2+9- W s
+(S

3
h) .- &( 9(%+626 ,2()&-" B0 (<<&+=:(02 :0 %(+,500-4-02 ,+4+&(+%-?

50 4502%- =:- &( )%(0*A- .- &( 9(%+626 +0,2()&- .+%+86- 9-%, &- .54(+0- &:0(+%-

-,2 Wu
+(S

3
h)" >'(%2+*&-  !"#$%&'(!(')* +#)!,-"#, (! +." /(0(!(+% 1- +." 2)$#)!&

$()! 31(!+ L1 CDEF @5:%0+2 &'-0,-4)&- .-, .69-&5<<-4-02, -2 %6,:&2(2, .- *-22-

62:.-" /5:2 *544- .(0, &-, 2%(9(:G <%6,-026, -0 ,-*2+50 !"H? .-, 2%(I-*25+%-,

&5*(&-4-02 5<2+4(&-, -02%- W s
+(S

3
h) -2 Wu

+(S
3
h) ,502 .62-%4+06-, ; &'(+.- .- &(

462A5.- .- 2+% ,+4<&- -2 .-, *50.+2+50, .: ,-*50. 5%.%-" J-<-0.(02? &'+0+2+(&+,(7

2+50 .- &( 462A5.- .- 2+% 0- %-=:+-%2 <(, .- 462A5.- .- *502+0:(2+50" B0 -K-2?

50 *A5+,+2 *544- <5+02 .- .6<(%2 .- &'(&85%+2A4- .- 2+% &( 9(&-:% +0+2+(&- η∗0 .-

&'62(2 (.I5+02 (,,5*+6- ; &( ,5&:2+50 5<2+4(&- .: <%5)&34- .- *502%L&- &+06(%+,6"

>-, 6=:(2+50, &+06(+%-, *502%L&6-,

ẍ− 2ẏ − (1 + c2)x = u1

ÿ + 2ẋ+ (c2 − 1)y = u2

z̈ + 2c2z = u3

 !"M#

,502 .6.:+2-, .: ,1,234- H"!N -2 ,'6*%+9-02? -0 (<<&+=:(02 &- *A(08-4-02 .-

9(%+()&-, ,14<&-*2+=:- A? ,5:, &( @5%4- 4(2%+*+-&&-

ż = Az +Bu  !"D#

5O z = (q1, q2, q3, p1, p2, p3) -2 B ∈ M6,3(R)" >- *(&*:& .- η∗0 -,2 (&5%, )(,6 ,:%

&-, %6,:&2(2, @50.(4-02(:G .- *502%L&- 5<2+4(& .- ,1,234-, &+06(+%-, ; *5P2,

=:(.%(2+=:-, %(<<-&6, -0 ,-*2+50 E"E" Q(0, :0 <%-4+-% 2-4<,? &- <%+0*+<- .:

4(G+4:4 E"E"E <-%4-2 .- .6*%+%- &( 2%(I-*25+%- 5<2+4(&- z∗ -2 &'62(2 (.I5+02

*5%%-,<50.(02 η∗ =:- 05:, %-*A-%*A50, *544- ,5&:2+50, .: ,1,234- .+K6%-02+-&

ż = Az +BBT ηT

η̇ = −ηA.
 !"N#

R:+,=:- .(0, &- <%5)&34- =:- 05:, *50,+.6%50, &( *+)&- *1&+0.%+=:- Wu
+(S

3
h)? &(

*50.+2+50 .- 2%(0,9-%,(&+26 η∗(tf ) -,2 +026%+-:% -2 05%4(& ; S -0 z∗(tf ) ,'6*%+2

η∗T (t
 

) = −z∗T (t
 

)Q  !"T#

5O &( 4(2%+*- Q ∈M6(R) -,2 .- &( @5%4-

Q =




0 kω1 0 0 0 0
0 0 kω2 0 0 0
0 0 0 0 0 0
0 0 0 0 kω1 0
0 0 0 0 0 kω2

0 0 0 0 0 0




MD





 !"#!$%&' ()* )+#!%&'(,

$!'-)&.+!/ &) "0$&#(, '")$%",

"1 $2" ()* $-%!!34"*5 0%"4,!#/

 !  "##$%&'

∗
(!) ! *$+,,$-

†
$#& .! /+0"1

‡

23&+0$13& 1" ("4#  $+,,+3-, "# 143 "00$5+"# "6 4+5 7814 9+%14&$:

 !"#$%&#'  !" #$%"&'()" #* '!(+ ,-'(&." (+ '# /-"+"0' 1"#2"'-(& ,03 042"-(5

&,. '"&!0(64"+ 3")".#/"3 '# +'437 '!" #-$(' '-,0+*"- $"'8""0 9"/."-(,0 "..(/'(&

#-$('+ (0 '!" '8#5$#37 /-#$."2 #- $"'8""0 64,+(59"/."-(,0 #-$('+ (0 '!" :,-'!5

;##0 '-,0+*"- 8!"0 .#8 /-#/4.+(#0 (+ 4+"3< =" &#0&"0'-,'" #4- +'437 #0 '!"

"0"-17 2(0(2(>,'(#0 /-#$."2< ?-#2 @#0'-7,1(0A+ 2,B(242 /-(0&(/."C '!" #/'(5

2,. +#.4'(#0 &,0 $" *#403 +#.)(01 '!" +!##'(01 "64,'(#0 *#- +2##'! D,2(.'#0(,0

370,2(&+< E F-+' +'"/ (0 '!" ,0,.7+(+ (+ '# F03 (0 '!" 9"/."- &,+" ,0 ,0,.7'(5

&,. +#.4'(#0 *#- '!" ,)"-,1"3 D,2(.'#0(,0C 8!(&! &#--"+/#03+ '# , G("2,00(,0

2"'-(&<  !(+ 8(.. ,..#8 '# &#2/4'" '!" +#.4'(#0 *#- '!" #-(1(0,. 9"/."- /-#$."2C

4+(01 , 042"-(&,. &#0'(04,'(#0 2"'!#3 8!"-" '!" +2##'!0"++ #* '!" /,'! (+ -"5

.,'"3 '# '!" &#0%41,'" /#(0' &#03('(#0< H(2(.,-.7C '!" +#.4'(#0 #* '!" :,-'!5;##0

'-,0+*"- (+ &#2/4'"3 4+(01 1"#2"'-(& ,03 042"-(&,. &#0'(04,'(#0 '"&!0(64"+<

 !"#$%&'(#)%"

I0 '!(+ ,-'(&." 8" &#0+(3"- '!" #-$(' '-,0+*"- (0 '!" '8# ,03 '!-""5$#37 /-#$."2C

4+(01 .#8 /-#/4.+(#0< I0 '!" F-+' &,+"C '!" 2#3". (+ 1()"0 $7 9"/."- "64,'(#0

q̈ = − q

|q|3 +
u

m

8!"-" m -"/-"+"0'+ '!" 2,++ #* '!" +,'"..('"C +4$%"&' '#

ṁ = −δ|u|

2#3"..(01 *4". &#0+42/'(#0<  !" &#0'-#. +,'(+F"+ '!" &#0+'-,(0' |u| ≤ ε 8!"-"
ε (+ , +2,.. /,-,2"'"-<

 !" /!7+(&,. #/'(2,. &#0'-#. !,+ '# 2,B(2(>" '!" F0,. 2,++ 8!(&! .",3+ '#

min
u(.)

∫ tf

0

|u|dt

∗
 !"#$%!"&'( )*("&"+"$, -.+/0.0*$ 1*&2$/(&"3 4 5678, 9 !2$*+$ 8!2!/3, :;<=>?@ A&B.*

C !"#$"%& '##$"%()* ')"+'+#!&,"DE

†
8!%$ !FF/$(( C-!$#* $./01/!&2$033$)()* ')"+'+#!&,"D, (+GG./"$F H3 5.*($&I 7J0&.*!I

F$ -.+/0.0*$ C'.*"/!'" *.E <>>9;=K>L;=K>;5L;=K>MDE

‡
8!%$ !FF/$(( C+$)/0!"&.02'/()* ')"+'+#!&,"D, (+GG./"$F H3 5678 C'.*"/!'"

*.E N?<OOD !*F 5.*($&I 7J0&.*!I F$ -.+/0.0*$ C'.*"/!'" *.E >?9<>=PP><OQOQ=QDE

JK



 !"#" tf $% &!" '(") &#*+%,"# &$-". /#0- 10+&#2*3$+ -*($-4- 5#$+6$57" 89:;<

'($+3 &!" =04+)*#2 60+)$&$0+%> !"! * &#*+%,"# ,#0- * 70 "66"+&#$6 &0 * 3"0?

%&*&$0+*#2 0#=$&>< *+ 05&$-*7 %074&$0+ 6*+ =" +4-"#$6*772 60-54&") 4%$+3 *

%!00&$+3 *730#$&!-. @!$% 7"*)% &0 * 60-57$6*&") +4-"#$6*7 5#0=7"-. A+ 89B;<

&!" ,0770 $+3 +4-"#$6*7 %6!"-" $% 5#050%"). C+" 60-54&"% &!" 05&$-*7 %074&$0+

4%$+3 &!" 60+D"( !0-0&052

min
u(.)

∫ tf

0

[λ|u|2 + (1− λ)|u|]dt, λ ∈ [0, 1],

 !$6! *-04+&% &0 #"347*#$E$+3 &!" L1
?-$+$-$E*&$0+ 5#0=7"- $+&0 *+ L2

?5#0=7"-.

@!$%  *% &!" %&*#&$+3 50$+& 0, &!" 4%" 0, 60+&$+4*&$0+ -"&!0)% $+ 0#=$&*7 &#*+%,"#<

 !"+ 70 5#0547%$0+ $% *557$")>%"" *7%0 8FG; ,0# &!" 4%" 0, &!" 60+&$+4*&$0+

-"&!0) $+ &!" &$-" -$+$-*7 60+&#07 5#0=7"-<  !"#" &!" !0-0&052 5*#*-"&"#

$% &!" =04+) 0, &!" -*($-*7 *-57$&4)" 0, &!" &!#4%&. /#0- &!" -*&!"-*&$6*7

50$+& 0, D$" < &!" 0#$3$+*7 )2+*-$6% *%%06$*&")  $&! &!" 05&$-*7 H0 $% #"57*6")

=2 *+0&!"# I*-$7&0+$*+ 0+"< *+) * 60+&$+4*&$0+ $% -*)" &0 %07D" &!" %!00&$+3

"J4*&$0+.

@!" '#%& -0&$D*&$0+ 0, &!$% *#&$67" $% &0 5#"%"+& * +"*& 3"0-"&#$6 #"%47&

,#0- 8:;K L"37"6&$+3 &!" -*%% D*#$*&$0+< #"%&#$6&$+3 &0 6057*+*# &#*+%,"# M&!"

$+67$+*&$0+ ="$+3 60+%$)"#") *% * !0-0&052 5*#*-"&"#N *+) #"57*6$+3 &!" L1
?

5#0=7"- =2 *+ *D"#*3") L2
?5#0=7"-< 0+" 6*+ %4=%&$&4&" &!" I*-$7&0+$*+ D"6&0#

'"7) )"'+") =2 &!" -*($-4- 5#$+6$57"  $&!

H =
1

2n5/3

[
9n2p2n +

5

2
(1− e2)p2e +

5− 4e2

2

p2θ
e2

]
,

 !"#" n $% &!" -"*+ -0&$0+< e &!" "66"+&#$6$&2< *+) θ &!" *+37" 0, &!" 5"#$6"+&"#
M&!" %$+347*#$&2 e = 0 60##"%50+)% &0 6$#647*# 0#=$&%N. O00#)$+*&"% (n, e, θ) *#"
-0#"0D"# 0#&!030+*7 600#)$+*&"% ,0# &!" P$"-*++$*+ -"&#$6 *%%06$*&")  $&! H<

g =
dn2

9n
1

3

+
2n

5

3

5(1− e2)de
2 +

2n
5

3

5− 4e2
dθ2.

Q46! * -"&#$6 $% $%0-"&#$6 &0

g = dr2 +
r2

c2
(dϕ2 +G(ϕ)dθ2)

 !"#"

r =
2

5
n5/6, ϕ = arcsin e

*+)

c =
√
2/5, G(ϕ) =

5 sin2(ϕ)

1 + 4 cos2(ϕ)
·

@!" I*-$7&0+$*+ H0 

→
H $% R$04D$77" $+&"3#*=7" *+) &!" -"&#$6 $+ &!" *=0D" +0#?

-*7 ,0#- 6*5&4#"% &!" -*$+ 5#05"#&$"% 0, &!" *D"#*3") 0#=$&*7 &#*+%,"#. A+)"")<

0+" 6*+ "(&#*6& ,#0- g &!" ,0770 $+3 & 0?)$-"+%$0+*7 P$"-*++$*+ -"&#$6%K

S g1 = dr2 + r2dψ2
 !$6! $% *%%06$*&")  $&! &!" 0#=$&*7 &#*+%,"#  !"#" θ $%

T"5& '(") M&!$% "+60-5*%%"% &!" 6*%" 0, 6$#647*# &*#3"&%N. Q46! * -"&#$6

$% H*& *+) 3"0)"%$6% *#" %&#*$3!& 7$+"% $+ %4$&*=7" 600#)$+*&"%.

G:



 g2 = dϕ2 + G(ϕ)dθ2 !"#$" %&'%&(&)*( *"& %&(*%#$*#+) +, *"& -&*%#$ *+

r2 = c2 .)/ /&($%#0&( 01 "+-+2&)&#*1 *"& +%0#* *%.)(,&% #) *"& 2&)&%.3

$.(&4

5 2&)&%.3#6.*#+) +, *"& %&(73*( +, 89:; !#33 .33+! *+ $+-'7*& ,+% *"& -&*%#$ g2 *"&

$+)<72.*& .)/ $7* 3+$# .)/ *+ 2&* . 23+0.3 +'*#-.3#*1 (+37*#+) ,+% *"& .=&%.2&/

+'*#-.3 $+)*%+3 '%+03&-4 >"#( #( *"& (*.%*#)2 '+#)* *+ .).316& *"& +%#2#).3

+'*#-.3 $+)*%+3 '%+03&- 7(#)2 . $+)*#)7.*#+) -&*"+/4

5 (&$+)/ -+*#=.*#+) +, *"#( .%*#$3& #( *+ '%&(&)* (+-& %&(73*( ,%+- 2&+-&*%#$

$+)*%+3 *"&+%1 $+))&$*&/ *+ +7% .).31(#( !#*" ./.'*&/ )7-&%#$.3 $+/&( /&=&3?

+'&/ *+ $+-'7*& *"& (+37*#+)(4 @#%(* +, .33A *"& -.B#-7- '%#)$#'3& #( +)31

. )&$&((.%1 +'*#-.3#*1 $+)/#*#+)4 C) +%/&% *+ 2&* (7D$#&)* +'*#-.3#*1 $+)?

/#*#+)( 7)/&% 2&)&%#$ .((7-'*#+)( +)& -7(* /&E)& *"& $+)$&'* +, $+)<72.*&

'+#)*A .((+$#.*&/ !#*" *"& &)&%21 -#)#-#6.*#+) '%+03&-4 >"#( $+)$&'* !.( .3?

%&./1 #)*%+/7$&/ #) *"& (*.)/.%/ 3#**&%.*7%& +, $.3$737( +, =.%#.*#+)( 8F;4 C, *"&

G.-#3*+)#.) +'*#-.3 /1).-#$( #( /&($%#0&/ 01 . (-++*" G.-#3*+)#.) =&$*+%

E&3/

→
H A $+)<72.*& '+#)*( .%& *"& #-.2& +, *"& (#)273.%#*#&( +, *"& &B'+)&)*#.3

-.''#)2H expx(0) : p(0) −→ Πx exp tf
→
H (x(0), p(0)) !"&%& Πx : (x, p) −→ x #(

*"& $.)+)#$.3 '%+<&$*#+)4 I7$" '+#)*( $.) 0& )7-&%#$.331 $+-'7*&/ 7(#)2 *"&

$+/& 8:J;4 5) #-'+%*.)* %&-.%KA #) =#&! +, *"& 7(& +, *"& L(-++*"M $+)*#)7.*#+)

-&*"+/ #) +'*#-.3 $+)*%+3 #( *+ +0(&%=& *".* *"& ("++*#)2 &N7.*#+) #( '%&$#(&31

*+ E)/ p(0) (7$" *".* expx(0)(p(0)) = x1 !"&%& x1 #( *"& *&%-#).3 $+)/#*#+) .)/

*"& /&%#=.*#=& #( 2&)&%.*&/ 7(#)2 *"& =.%#.*#+).3 &N7.*#+) +,

→
H 4 >"#( !#33 3&./

*+ $+)=&%2&)$& %&(73*( ,+% *"& (-++*" $+)*#)7.*#+) -&*"+/ #) +'*#-.3 $+)*%+3A

%&3.*&/ *+ &(*#-.*&( +, $+)<72.*& '+#)*(4

>"& 3.(* (&$*#+) #( /&=+*&/ *+ *"& O.%*"?P++) *%.)(,&%A 7(#)2 3+! '%+'73(#+)4

>"& -+/&3 #( *"& (*.)/.%/ $#%$73.% %&(*%#$*&/ -+/&3 8JF; !"&%& *"& *!+ '%#-.%#&(

.%& EB&/ #) . %+*.*#)2 ,%.-&4 Q' *+ . )+%-.3#6.*#+) *"& (1(*&- $.) 0& !%#**&)

#) G.-#3*+)#.) ,+%-A

ẋ =
−→
H0(x) + u1

−→
H1(x) + u2

−→
H2(x)

!"&%& x = (q, p) ∈ R4
.)/ *"& /%#,*

−→
H0 #( 2#=&) 01

H0(x) =
1

2
(p21 + p22) + p1q2 − p2q1 −

1− µ
ρ1

− µ

ρ2
,

q 0&#)2 *"& '+(#*#+) +, *"& ('.$&$%.,*A ρ1 %&'%&(&)*#)2 *"& /#(*.)$& *+ *"& O.%*"

!#*" -.(( 1−µ 3+$.*&/ .* (−µ, 0)A .)/ ρ2 *"& /#(*.)$& *+ *"& P++) !#*" -.(( µ
3+$.*&/ .* (1−µ, 0)A µ ≃ 1.2153e−2 0&#)2 . (-.33 '.%.-&*&%4 >"& G.-#3*+)#.)

E&3/( .((+$#.*&/ !#*" *"& $+)*%+3 .%& 2#=&) 01

Hi(x) = −qi, i = 1, 2,

.)/ *"& $+)*%+3 0+7)/ #( |u| ≤ ε4 >"& '.%.-&*&% µ #( (-.33 .)/ *"#( %&-.%K

!.( 7(&/ 01 R+#)$.%S *+ (*7/1 *"& /1).-#$( +, *"& ,%&& -+*#+) /&($%#0&/ 01−→
H0 01 -.K#)2 . /&,+%-.*#+) +, *"& $.(& µ = 0 !"#$" $+%%&('+)/( *+ T&'3&%

&N7.*#+) #) %+*.*#)2 $++%/#).*&( 8JF;4 C)('#%&/ 01 *"#( .''%+.$" .)/ 7(#)2 +7%

'%&3#-#).%1 2&+-&*%#$ .).31(#(A !& '%+'+(& . (#-'3& (+37*#+) *+ *"& O.%*"?P++)

*%.)(,&% 7(#)2 3+! '%+'73(#+) ,+% *"& &)&%21 -#)#-#6.*#+) '%+03&-4

UV



 !"#$"%&'( )*+ *,$"&'()- $"%.#+/

 !" #$%&'(' )*&+,&)-.

 ! "#$%&'!( )*! !$!(+, -&$&-&./)&#$ 0(#12!- minu(.)
∫ tf
0
|u|2dt3 4#( / %-##)*

"#$)(#2 %,%)!- #4 )*! 4#(-

ẋ = F0(x(t)) +
m∑

i=1

ui(t)Fi(x(t)) = F (x(t), u(t)), x ∈ X.

5*! %!) #4 /'-&%%&12! "#$)(#2% &% )*! %61%!) U #4 -!/%6(/12! 1#6$'!' -/00&$+%
u(.) 7&)* "#((!%0#$'&$+ )(/8!")#(, x(.) '!9$!' #$ )*! 7*#2! &$)!(:/2 [0, tf ];
<#$)(,/+&$ -/=&-6- 0(&$"&02! >?@A )!22% 6% )*/)

 !"#"$%&%"' ()*)  ! (x, u) "# $% &'(")$* '$"+ &% [0, tf ], (-.+. ./"#(# $ %&% (+"0"$*

'$"+ (p0, p), p0 ≤ 0 $%1 p $% $2#&*3(.*4 5&%("%3&3# $16&"%( 0.5(&+ 0$*3.1 "% T ∗X,

#35- (-$( &% [0, tf ] 7. -$0.

ẋ =
∂H

∂p
(x, p, u), ṗ = −∂H

∂x
(x, p, u), BCD

$%1

H(x, p, u) = max
v∈Rm

H(x, p, v) B?D

7-.+. H(x, p, u) = p0
∑m

i=1 u
2
i+ < p, F (x, u) >8

+,-'%&%"' ()*) 5*! -/00&$+ H 4(#- T ∗X ×Rm
)# R &% "/22!' )*! '#.31&9

:$)"*(&%"$%; E )(&02! (x, p, u) %#26)&#$ #4 BCF?D &% "/22!' /$ ./(+.)$* (+$6.5(&+4;

 ! /0')(1$1&0+ 02 .%1*.'$-3

G(#- )*! -/=&-&./)&#$ "#$'&)&#$ BHD3 #$! '!'6"!% )*/) ∂H/∂v = 03 /$' )*!(!
/(! )7# ),0!% #4 !=)(!-/2%I

J ;2%&+)$* ./(+.)$*#8 5*!, "#((!%0#$' )# )*! %&)6/)&#$ p0 = 0 /$' /(!
&-02&"&)!2, '!9$!' 1, )*! (!2/)&#$% Hi = 03 i = 1, . . . ,m3 7*!(! Hi =<
p, Fi(x) > /(! )*! K/-&2)#$&/$ 2&4)%;

J <&+)$* ./(+.)$*#8 L4 p0 < 03 &) "/$ 1! $#(-/2&.!' )# −1/2 1, *#-#+!$!&),;
G(#- ∂H/∂v = 03 #$! '!'6"!% ui = Hi 4#( i = 1, . . . ,m3 /$' 026++&$+
%6"* Hi &$)# H '!9$!% / )(6! %-##)* K/-&2)#$&/$

Hn = H0 +
1

2

m∑

i=1

H2
i

7*#%! %#26)&#$% /(! )*! %&+)$* ./(+.)$*#;

 !4 56. ,0+,.)1 02 ,0+7(8$1. )0&+1

+,-'%&%"' ()() M!) z = (x, p) 1! / $#(-/2 (!4!(!$"! !=)(!-/2 '!9$!' #$ [0, tf ];
5*! :/(&/)&#$/2 !N6/)&#$

δ̇z(t) = d
−→
Hn(z(t))δz(t)

OP



 ! "#$$%& '(%  !"#$% &'(!)%#*) *  !"#$% +&,-  ! # +,+-'. / #$ !,$0' ,+ δz =
(δx, δp)) 1'  ! !# & ', 2% .&/)%"!, #' ' 3% t  4 δx(t) = dΠx(z(t))δz(t) = 0 5(%.%

Πx  ! '(% 6.,7%"' ,+ (x, p) 7→ x)

8(% 4,$$,5 +9 !'#+&#.& 9%,3%'. " .%!0$'  ! ".0" #$)

 !"#"$%&%"' ()() 0&) L0 $& )1& +$&/ T ∗x0
X !*- Lt = expt(

−→
Hn)(L0) $& %)2

%3!4& $5 )1& #*&67!/!3&)&/ 2($4/#(7 4&*&/!)&- $5

→
Hn8 91&* Lt %2 ! 0!4/!*4%!*

2($3!*%:#,- ;1#2& )!*4&*) 27!"& !) z(t) %2 4&*&/!)&- $5 )1&  !"#$% +&,-2 ;1%"1

!/& .&/)%"!, !) t = 08

*+,'%&%"' ()-) :% ;< x0 = x(0) #+& &%;+% 4,. t ∈ [0, tf ] '(% &<7#*&*)%!,

3!77%*4

expx0,t(p0) = Πx(z(t, z0))

5(%.% z(t, z0)= 5 '( z0 = (x0, p0)= &%+,'%! '(% +,.3#$ %<'.%3#$ &%6#.' +9 4.,3

z0 5(%+ t = 0)

*+,'%&%"' ().) >%' z = (x, p) 2% '(% .%4%.%+"% +,.3#$ %<'.%3#$) 8(% ' 3%

tc ∈ [0, tf ]  ! "#$$%& "#*=(4!)&  4 '(% 3#66 +9 expx0,tc  ! +,' #+  33%.! ,+ #'

p(0)) 8(% #!!," #'%& 6, +' x(tc)  ! !# & ', 2% ",+709#'% ', x0) :% &%+,'% 2?

t1,c '(% ;.!' ",+709#'% 6, +' #+& 2? C(x0) '(% "#*=(4!)& ,#"(2 4,.3%& 2? '(%

!%' ,4 ;.!' ",+709#'% 6, +'! ,""0. +9 #' ' 3% tf 5(%+ 5% ",+! &%. #$$ +,.3#$

%<'.%3#$! !'#.' +9 4.,3 x0)

8(% ",+709#'% ' 3% +,' ,+ #&3 '! '(% 4,$$,5 +9 9%+%.#$ @#' ,+)

*+,'%&%"' ()/) >%' M1 2% # .%90$#. !023#+ 4,$& ,4 M = #+& $%' 0! &%;+%

M⊥
1 = {(x, p) ∈ T ∗M | x ∈M1, p ⊥ TxM1}) 8(%+ tfoc ∈ [0, tf ]  ! "#$$%& # :#"!,

)%3&  4 '(%.% %< !'! # A#",2 ;%$& J = (δx, δp) !0"( '(#' δx(0) = 0 #+& J(tfoc)
 ! '#+9%+' ', M⊥

1 )

>&3!/? B)C8 8(% ",+"%6' ,4 ",+709#'% 6, +'  ! .%$#'%& ', '(% +%"%!!#.? #+&

!0D" %+' ,6' 3#$ '? ",+& ' ,+!= 0+&%. 9%+%. " #!!036' ,+!= !%% 4,.  +!'#+"% ECBF)

 !" #$%&'()*+ ,$-%*. )%/ .0$$*1 2$%*-%')*-$% 0+*1$/

 !""#$ %"&#'&()#'"& '* ) +,&,-). &(!,-'%). !,#$"/ #" *".0, ) *1*#,! "2 ,3()4

#'"&* F (x) = 0 5$,-, F : Rn −→ Rn
'* ) *!""#$ !)66'&+7 *,, 89:; <$,

6-'&%'6., '* #" %"&*#-(%# ) $"!"#"61 6)#$ h(x, λ) *(%$ #$)# h(x, 0) = G(x) )&/
h(x, 1) = F (x) 5$,-, G(x) '* ) !)6 $)0'&+ =&"5& >,-"*7 "- 5$,-, #$, >,-"*

%)& ?, ,)*'.1 %"!6(#,/ (*'&+ ) @,5#"& #16, ).+"-'#$!; <$, >,-"* )."&+ #$,

6)#$ %)& ?, %).%(.)#,/ ?1 /'A,-,&# !,#$"/*7 #$, *'!6.,*# ?,'&+ ) /'*%-,#'>)#'"&

0 = λ0 < λ1 < · · · < λn = 1 "2 #$, $"!"#"61 6)-)!,#,- 5$,-,7 )# *#,6 i+17 #$,
>,-" %"!6(#,/ )# *#,6 i '* (*,/ #" '&'#').'>, @,5#"& ).+"-'#$!; <$, )66-")%$

$)* #" ?, )/)6#,/ #" "6#'!). %"&#-". 6-"?.,!*B <$, *$""#'&+ ,3()#'"& %"!,*

2-"! #$, 6-"C,%#'"& "2 ) *1!6.,%#'% !)66'&+7 #$, D)%"?')& %)& ?, %"!6(#,/

(*'&+ D)%"?' E,./* )&/ "&, !(*# %"&*'/,- #$,  !"#$%& !'#$!(%& )!&*+ )**"%')#,/

5'#$ #$, 6-"?.,! F*,, 89G:H; I *$"-# /,*%-'6#'"& "2 #$, !,#$"/ '* +'0,& ?,."5

'& "(- %)*, *#(/1;

J9



 !"!# $%&&'()* +,-.'(&)

 ! "#$%&'!( ) *)+&,- Hλ. λ ∈ [0, 1]. #* %+##/0 1)+&,/#$&)$% #$ T ∗X )%%#"&)/!'
2&/0 $#(+), !3/(!+),% #* )$ !$!(4- +&$&+&5)/&#$ 6(#7,!+8  ! 93 /0! 7#:$')(-

"#$'&/&#$% x0. x1 )$' /0! /()$%*!( /&+! tf 8 ;0&% ,!)'% /# ) *)+&,- exp
λ
x0,tf

(p0) #*

!36#$!$/&), +)66&$4%8 <%&$4 /0! $#/)/&#$ Eλ : p0 −→ expλx0,tf
(p0). #$! +:%/

%#,=! /0! %0##/&$4 !>:)/&#$ Eλ(p0) = x18

/0&1&2('(&)  !3!  !" #$%& λ' (&# )&!!(*+, #-.$(*!+ *) !/ 0$1*0$2 "$+3 */ $+4
!+25 */ (&# 6!*+( x1 *) +!( %!+7.,$(# (! x0 /!" (&# %!""#)6!+4*+, λ8 9!"#!:#"' *+
(&*) %$)#' (&# )!2.(*!+) !/ (&# )&!!(*+, #-.$(*!+ %!+($*+ $ )0!!(& ;"$+%&' <&*%&

%$+ ;# 6$"$0#(#"*=#4 ;5 λ $+4 (&# 4#"*:$(*:# E′λ %$+ ;# ,#+#"$(#4 *+(#,"$(*+,

(&# >$%!;* #-.$(*!+8

?(#+ /0! )7#=! 6(#6#%&/&#$. /# !$%:(! "#$=!(4!$"! #* /0! +!/0#' #$! +:%/

"#$/(#,

@ /0! '&%/)$"! /# /0! "#$A:4)/! ,#"&.

@ /0)/ /0! 7()$"0 0)% &% '!9$!' #$ /0! 20#,! &$/!(=), [0, 1]8

;0! %!"#$' 6#&$/ &% (!,)/!' /# /2# %/)$')(' 6(#7,!+% &$ #6/&+), "#$/(#,B C3D

&%/!$"! #* E&6%"0&/5&)$ +&$&+&5!(%F0!$"! %#,:/&#$% #* /0! +)3&+:+ 6(&$"&6,!

GHHIF. )$' "#+6)"/$!%% #* /0! '#+)&$ #* /0! !36#$!$/&), +)66&$48 J!3/ 2!

6(!%!$/ ) $&"! 4!#+!/(&" %&/:)/&#$ *#( 20&"0 "#$=!(4!$"! #* /0! +!/0#' &% !$D

%:(!'8

4+5)('(&)  !6! K#$%&'!( /0! $#(+), !3/(!+), 9!,'

−→
Hn #* )$ !$!(4- +&$&D

+&5)/&#$ 6(#7,!+ 2&/0 93!' 9$), /&+! tf 8 L&=!$ )$ &$&/&), "#$'&/&#$ x0. /0!
)#6$"$(*+, 2!%.) L(x0) &% /0! %!/ #* 6#&$/% 20!(! /2# '&%/&$"/ $#(+), !3/(!+),
":(=!% &$/!(%!"/ 2&/0 %)+! "#%/8 ;0! %.( 6!*+( ),#$4 ) $#(+), !3/(!+), &% /0!

9(%/ 6#&$/ 20!(! &/ "!)%!% /# 7! #6/&+),8 ;0! %.( 2!%.) Cut(x0) &% /0! %!/ #* %:"0
6#&$/% 20!$ 2! "#$%&'!( ),, !3/(!+),% &$&/&)/&$4 *(#+ x0 )$' ,#%&$4 #6/&+),&/-
!3)"/,- )/ /&+! tf 8

 !"! 7&)8+0*+)9+ &: '%+ 9&)'()-.'(&) ;+'%&< () '%+ =(+;.))(.)

9.2+

 ! 9(%/ (!"),, /0)/ /0! M&!+)$$&)$ 6(#7,!+ ")$ 7!. )/ ,!)%/ ,#"),,-. (!%!/ &$ /0!

*#,,#2&$4 *()+!2#(N8

E!/ F1, . . . , Fn 7! ) %!/ #* %+##/0 =!"/#( 9!,'% #$ ) +)$&*#,' O )$' )%%:+!

/0)/ /0!- )(! ,&$!)(,- &$'!6!$'!$/8 P$! ")$ '!9$! ) M&!+)$$&)$ +!/(&" #$

X 7- )%%!(/&$4 /0)/ {F1, . . . , Fn} *#(+ )$ #(/0#$#(+), *()+!8 Q$/(#':"&$4 /0!
"#$/(#, %-%/!+ dx(t)/dt =

∑n
i=1 ui(t)Fi(x(t)). /0! ,!$4/0 #* /0! ":(=! x(·) &%

l(x) =
∫ T

0

∑n
i=1(u

2
i (t))

1/2dt8 ?(#+ R):6!(/:&% 6(&$"&6,!. +&$&+&5&$4 ,!$4/0 &%

!>:&=),!$/ /# +&$&+&5&$4 /0! !$!(4-

∫ T

0

∑n
i=1 u

2
i (t)dt8 ;0!(! !3&%/% #$,- $#(+),

!3/(!+),% )$' Hn &% 4&=!$ 7- (1/2)
∑n

i=1H
2
i 8 ?&3&$4 /0! ,!=!, %!/ Hn = 1/2

6)()+!/!(&5!% /()A!"/#(&!% 7- )(" ,!$4/08 ?#( /0! !$!(4- +&$&+&5)/&#$ 6(#7,!+.

/0! /()$%*!( /&+! ")$ 7! )(7&/()(&,- 6(!%"(&7!'8

>%+&0+;  !#! ?#( gλ' λ ∈ [0, 1]' ;# $ )0!!(& /$0*25 !/ %!062#(# @*#0$++*$+
0#("*%) !+ X8 ?#( .) A1 (&# *+*(*$2 6!*+( x08 B#+!(# iλ(x0) (&# 4*)($+%# /"!0
x0 (! (&# %.( 2!%.) Cutλ(x0) $+4 ;5 iλ = infx0

iλ(x0) (&# *+7#%(*:*(5 "$4*.) !/
(&# %!""#)6!+4*+, 0#("*%8 C&#+'

SH



 !"# $%&'() *)"#(%# ()+& infλ iλ(x0), ()% -"&(.&/+(."& 0%()"1 2.() .&.(.+$

-"&1.(."& "! ()% *)""(.&' %3/+(."& +( x0 -"&4%#'%*,

 !"# $%&'() *)"#(%# ()+& infλ iλ ()% -"&(.&/+(."& 0%()"1 -"&4%#'%* !"# %4%#5

.&.(.+$ -"&1.(."& "! ()% *)""(.&' %3/+(."&6

7%0+#8  ! 6 "# $%& '(&)*##(*# +*,&- $%& ,($.*$(/# (, #&*$! 0/)12&$&#&,, 2&*3,

$/ &4(,$&#+& /5 ,)//$% #/6)*2 )(#()(7&6,- $%& 3/)*(# /5 $%& &41/#&#$(*2 )*18

1(#9 (, * ,1%&6&- *#3 &,$()*$&, /5 $%& (#:&+$(;($< 6*3(., *6& 6&2*$&3 $/ $%& +.6;*8

$.6& $&#,/6! "# 9&#&6*2- ,.+% &,$()*$&, *6& * 3(=+.2$ 16/>2&) *#3 * 16*9)*$(+

1/(#$ /5 ;(&? (, $/ %*;& #.)&6(+*2 *116/4()*$(/#, @A B!

 !"# #$#%&' ()$)()*+,)-$ .%-/0#( )$ -%/),+0

,%+$12#% 3)," 0-3 ,"%41,

 !" #$%&'(')*$'%+

C&92&+$(#9 $%& )*,, ;*6(*$(/# *#3 6&,$6(+$(#9 $/ $%& +/12*#*6 +*,&- $%& ,<,$&)

(, 6&16&,&#$&3 (# 0*6$&,(*# +//63(#*$&, ><

q̈ = − q

|q|3 + u

?%&6& q = (q1, q2) (, $%& 1/,($(/# *#3 x = (q, q̇) ∈ R4
(, $%& ,$*$&! D& 3&#/$&

>< H0(q, q̇) = (1/2)q̇2 − 1/|q| $%& E*)(2$/#(*# /5 $%& 56&& )/$(/#! D& %*;& $%&

5/22/?(#9 F6,$ (#$&96*2,G

H C = q ∧ q̇ I)/)&#$.)J-

H K −q/|q|+ q̇ ∧ C IK*12*+& (#$&96*2J!

 !"#"$%&%"' ()*) 9)% 1"0+.& Σe = {(q, q̇) | H < 0, C 6= 0}, -+$$%1 ()% &22(1$(+

3/)*(#, .* :$$%1 ;5 %$$.<(.- "#;.(* +&1 (" %+-) "#;.( (C,L) -"##%*<"&1* + /&.3/%

="#.%&(%1> %$$.<*%6

L/ 6&16&,&#$ $%& ,1*+& /5 &22(1,&,- /#& (#$6/3.+&, $%& 5/22/?(#9 9&/)&$6(+

+//63(#*$&,G

H $%& *%0.?0+@"# +A.* /5 $%& &22(1,& a- 6&2*$&3 $/ $%& *%0.?$+(/* #%-(/0 P
>< $%& 6&2*$(/# a = P/

√
1− e2-

H $%& *69.)&#$ /5 $%& 1&6(+&#$&6 θ-

H $%& %--%&(#.-.(5 e- $%& %--%&(#.-.(5 4%-("# >&(#9 (ex, ey) = (e cos θ, e sin θ)!

L/ 6&16&,&#$ $%& 1/,($(/# /5 $%& ,*$&22($& ?& .,& $%& $"&'.(/1% l ∈ S1
- ?%(2& l ∈ R

$*M&, (#$/ *++/.#$ $%& 6/$*$(/# #.)>&6 *#3 (, +*22&3 $%& -/0/$+(%1 $"&'.(/1%!

N>,&6;& $%*$ e = 0 +/66&,1/#3, $/ +(6+.2*6 /6>($,! L%& +/#$6/2 u +*# >& 3&8

+/)1/,&3 (#$/ )/;(#9 56*)&, *$$*+%&3 $/ $%& ,*$&22($&- $%& $?/ ,$*#3*63 56*)&,

>&(#9

H $%& #+1.+$?"#()"#+1.+$ 56*)& {Fr, For} ?%&6& Fr = (q/|q|) ∂/∂q̇-

H $%& (+&'%&(.+$?&"#0+$ 56*)& {Ft, Fn} ?%&6& Ft = (q̇/|q̇|) ∂/∂q̇!

OP



 !" #$%&'()*( +, -%&)+.)/ 01234)%5'**)'* -&+26%50

 !" X #! $% n&'()!%*(+%$, *)++"- )$%(.+,' $%' ,!" Fi(l, x), i = 1, . . . ,m #!

*)++"- /!0"+1 2!,'* 3$1$)!"!1(4!' #5 l ∈ S1
"-$" *!" 63 $ 0+%*"$%" 1$%7 m

'(*"1(#6"(+% +% X 8*!! $,*+ 9!)$17 :;<=; >(/!% $ 3+*("(/! 36,*$"(+% ω +% S1×X
1!,$"(%? "-! "()! t $%' "-! $%?,! l $00+1'(%? "+

dl = ω(l, x)dt, 8:=

+%! '!2%!* $  !"#$%#& '()*+#!,-..#-. 31+#,!) $* .+,,+@*A >(/!% "@+ 3+(%"*

x0 $%' xf +% "-! )$%(.+,'B )(%()(4! "-! L2dt 0+%"1+, %+1) +. "1$C!0"+1(!*

0+%%!0"(%? "-! "@+ 3+(%"* $%' $**+0($"!' @("- "-! 31!/(+6* /!0"+1 2!,'*B

dx

dl
=

m∑

i=1

uiFi(l, x), u ∈ Rm,

min
u(.)

∫ tf

0

|u|2dt =
∫ lf

0

|u|2 dl

ω(l, x)
(-!1! |u|2 =

m∑

i=1

|ui|2).

D-! "+"$, $%?6,$1 ,!%?"-B lf > 0 (* 2E!'B ()3,(0(",5 '!2%(%? tf "-1+6?- 8:=;
F+%"15$?(% )$E()6) 31(%0(3,! $**!1"* "-$" )(%()(4(%? "1$C!0"+1(!* $1! 31+&

C!0"(+% +. G$)(,"+%($% 061/!* +% "-! 0+"$%?!%" #6%',! 8!E"1!)$,*=B z = (x, p)B
*60- "-$"

dx

dl
=
∂H

∂p
(l, x, p, u),

dp

dl
= −∂H

∂x
(l, x, p, u),

@-!1!

H(l, x, p, u) = p0|u|2 +
m∑

i=1

uiHi(l, x, p), Hi = 〈p, Fi(l, x)〉, i = 1, . . . ,m,

(* "-! G$)(,"+%($% 3$1$)!"!1(4!' #5 l ∈ S1
B u ∈ Rm

B $%' $ %+%&3+*("(/! 0+%&

*"$%" p0; H! 1!*"1(0" "-! $%$,5*(* "+ "-! %+1)$, 0$*!B p0 < 0B $%' 3$** "+ $I%!
0++1'(%$"!* (% (p0, p) *!""(%? p0 = −1/2; F+%"15$?(% )$E()(4$"(+% 0+%'("(+%

"-$"B $,)+*" !/!15@-!1! $,+%? $% !E"1!)$,B

H(l, z(l), u(l)) = max
v∈Rm

H(l, z(l), v),

()3,(!* "-$" "-! 0+%"1+, (* ?(/!% #5 "-! '5%$)(0 .!!'#$07

u(l, z) = ω(l, x)(H1, . . . , Hm)(l, z), 8J=

$%' "-$" z (* $% (%"!?1$, 061/! +. "-! )$E()(4!' G$)(,"+%($%

Hn(l, z) =
ω(l, x)

2

m∑

i=1

H2
i (l, z).

H! $1! (%"!1!*"!' (% "-! #!-$/(+61 +. *+,6"(+%* .+1 ,$1?! $%?6,$1 ,!%?"-B *+ @! *!"

ε = 1/lf $* "-! *)$,, 3$1$)!"!1 $%' 1!%+1)$,(4! "-! 31+#,!) (% "-! .+,,+@(%?

)$%%!1K"53(0$, +. *5*"!)* @("- "@+ "()! *0$,!*;

L% 0+%"1$*" "+ l @-(0- (* "-! /-'0 0#,!B '!2%! "-! '1$2 0#,! s = εl (% [0, 1]B
$%' 1!%+1)$,(4! /$1($#,!* +% "-! 0+"$%?!%" #6%',! #5

x̃ = x, p̃ = p/ε.

MJ



 !""# $%&%  ! "#$ %$!&%'()*+$, -(%*(.)$/0

dz̃

ds
=
→
Hn(s/ε, z̃).  !"

1%&&23 #$%&'() )&*+, Hn(l, x, ·) &) -(./0.1&+ &* 12, ./3'&*1 )1.1, p4

5'0 67,/ z8 Hn(·, z) &) . )9''12 :(*+1&'* '* S1
.*/ +.* $, ,7;.*/,/ &*1'

&1) 5'(0&,0 ),0&,)4 <* ;.01&+(=.08 '*, +.* /,6*, &1) 60)1 +',>+&,*1 '0 .%,0.?,8

H(z) =
1

2π

∫ 2π

0

Hn(l, z) dl.

@&*+, 1.A&*? )B9;=,+1&+ %,+1'0 6,=/ .*/ .%,0.?&*? 0,./&=B +'99(1,8 &1 &) C,==

A*'C* DE8 EFG 12.1 H 10.3,+1'0&,) .0, ?''/ .;;0'7&9.1&'*) ': 12'), ': Hn .) ε
?',) 1' H,0'4

'(!)*!" $%&% 4*-$! (!5 *!*"*() 6&!,*"*&!0 "#$ /&)7"*&! z̃ε &2 89: 6&!-$%;$/

7!*2&%')5 &! [0, 1] "&<(%,/ "#$ /&)7"*&! z &2 "#$ (-$%(;$, =('*)"&!*(!3

>$'(%? I4F3 J2, ).9, 0.1, ': +'*%,0?,*+, 2'=/) :'0 12, +')1 C2&+2 +.* $,

.//,/ .) . *,C )1.1, &* 12, .(?9,*1,/ )B)1,94 K(1 .) 12, &*1,?0.*/ /,;,*/)

'* 12, :.)1 %.0&.$=, l 120'(?2 12, ;(=).1&'* ω8 12,0, &) ( @%*&%* *' 2&?2,0 '0/,0

.;;0'7&9.1&'* ': 12, ;,0:'09.*+, &*/,7 DL8 FMG4

N) :'0 Hn(s/ε, z) C2&+2 +'*%,0?,) 1' H &* 12, =.0?, );.+, ': @+2C.01H /&)10&O

$(1&'*)8

 

'*, +.* '*=B ,7;,+1 C,.A +'*%,0?,*+, '* 12, +'*10'= uε ': 12, '0&?&*.=

;0'$=,9 '* [0, 1/ε]4 P, .//0,)) 1C' -(,)1&'*)Q 60)18 +.* C, /,)+0&$, 12, :.)1

')+&==.1&*? +'*10'= $B 9,.*) ': 5'(0&,0 ),0&,) C&12 )='C=B %.0B&*? +',>+&,*1)

.*/8 ),+'*/=B8 C2.1 &) 12, .)B9;1'1&+ $,2.%&'(0 ': ‖uε‖∞ C2,* ε → 0R J2,

&9;'01.*+, ': )(+2 .* ,)1&9.1, 0,=&,) '* 12, :.+1 12.1 '*, 2.) &* ;0.+1&+, 1'

,)1&9.1, lf )' .) 1' 9,,1 . ?&%,* 0,-(&0,9,*1 '* 12, L∞O*'09 ': 12, +'*10'=4

P, 60)1 *'1, 12.1 12, .%,0.?, )B)1,9 ;0'%&/,) . )($OS&,9.**&.* .;;0'7&O

9.1&'* ': 12, '0&?&*.= '*,4

+*),)-./.)0 $%1% A#$ (-$%(;$, =('*)"&!*(! */ ( !&!!$;("*-$ B7(,%("*6 2&%'

*! "#$ (,C&*!"3  2 6&!/"(!"0 *"/ %(!? */ !&" )$// "#(! m0 (!, H 6(! )&6())5 .$

<%*""$! (/ ( /7' &2 /B7(%$/0 "#7/ ,$D!*!; ( /7.E>*$'(!!*(! 8>*$'(!!*(! *2

k = n: @%&.)$'3

1%&&23 T=,.0=B8 H(x, ·) 0,9.&*) -(./0.1&+ *'**,?.1&%, &* p $B =&*,.0&1B .*/ ;')O

&1&%&1B ': 12, &*1,?0.= .*/

kerH(x, ·) =
⋂

l∈S1

kerHn(l, x, ·)

)' 12.18 &: +'*)1.*18 12, 0.*A k &) .1 =,.)1 ,-(.= 1' m4 <* 12&) +.),8 12, -(./0.1&+

:'09 +.* .=C.B) $, /,+'9;'),/ &*1' . )(9 ': k )-(.0,) &* . +2.01 $B 1.A&*?

12, )-(.0, 0''1 ': 12, .))'+&.1,/ )B99,10&+ *'**,?.1&%, 9.10&74

>$'(%? I4E3  &" J2, &*+0,.), &* 12, 0.*A &) 0,=.1,/ 1' 12, ?,*,0.1&'* ': U&,

$0.+A,1) ': 12, :'=='C&*? )B)1,9 C&12 /0&:1Q @,1 x̂ = (l, x) .*/ /,6*,

F̂0(x̂) = ω(x̂)
∂

∂l
, F̂i(x̂) = ω(x̂)Fi(x̂), i = 1, . . . ,m.

 

 !"!#!$%&'# ()'# !* +,- ."'&- !* ./!!+, &!/"'&+#0 .)""!1+-( *)2&+%!2. !2 +,- 1-'# #%2-3

!!



 ! "#$% &$'())#%(&*$ +,(%! -.$/.'% %& l0 &" %!. '&*%-&) (*

dx̂

dt
= F̂0(x̂) +

m∑

i=1

uiF̂i(x̂)

1.*.-#%. *., 2(-.'%(&*$3 *#4.)5

(adjF̂0)F̂i, j ≥ 0, i = 1, . . . ,m,

# *#%6-#) -.76(-.4.*% 8.(*1 %!#% %!. 2($%-(86%(&* {F̂0, F̂1, . . . , F̂m} &* %!. #619
4.*%.2 $/#'. S1 ×X 8. 8-#':.% 1.*.-#%(*1;  !($ ($ .76(<#).*% %& %!. 8-#':.%

'&*2(%(&* &* S1 ×X "&- %!. 2($%-(86%(&* {∂/∂l, F1, . . . , Fm};
+((0  !. #$$64/%(&* &" -#*: '&*$%#*'5 ($ $6='(.*% %& 1.% # 2.'&4/&$(%(&* (*%&

# $4&&%! $64 &" $76#-.$ >?@;  !#% %!. #$$64/%(&* ($ '-6'(#) ($ ())6$%-#%.2 85

%!. "#'% %!#% (% '#**&% 8. -.4&<.23 .<.* (* %!. #*#)5%('#) '#%.1&-5; A(1.*9

<#)6.$ +#*2 #$$&'(#%.2 /-&B.'%&-$0 #-. (*2..2 #*#)5%(' "6*'%(&*$ &* %!. $.% &"

4#%-('.$ (* %!. *.(1!8&6-!&62 &" # $(4/). +!.*'. 2(#1&*#)(C#8).0 .*2&4&-/!($4

>D?3  !.&-.4 EE;F;GH@; I<&(2(*1 $.4(9$(4/). .(1.*<#)6.$ ($ *.'.$$#-5 #$ ($ ').#-

'&*$(2.-(*1 [
x1 x2
x2 −x1

]

,!&$. .(1.*<#)6.$ #-. *&% 2(J.-.*%(#8). #% (0, 0); K6% .<.* (* %!. $(4/). $549
4.%-(' *&**.1#%(<. #*#)5%(' '#$.3 .L($%.*'. &" # 2(J.-.*%(#8). $76#-. -&&% 4#%-(L

4#5 "#() #$ ())6$%-#%.2 85 [
x21 + x22 0

0 1

]
. +H0

 & 1.% # /&$(%(<. -.$6)% ,(%! *&* '&*$%#*% -#*:3 &*. 46$% #'%6#))5 -.$%-('% %& %!.

$544.%-(' *&**.1#%(<. '#$. ,(%! #*#)5%(' 2./.*2.*'. &* &*. -.#) <#-(#8). &*)5;

A(1.*<#)6.$ #*2 .(1.*<.'%&-$ #-. %!.* #*#)5%(' &* %!. -.#) )(*. >E8(2;3  !.&-.4

EE;H;G #*2 MEE;H;D@3 #*2 *&**.1#%(<.*.$$ .*$6-.$ #*#)5%('(%5 &" $76#-. -&&%$ &"

%!. .(1.*<#)6.$;

+(((0 E* %!. '#$. &" /.-(&2(' $689N(.4#**(#* $5$%.4$3 %!. )&$$ &" -.16)#-(%5 4#5

&-(1(*#%. (* #<.-#1(*1;  !. #*#)5%('#) 2($%-(86%(&* &* S1 ×R2

F1(l, x) =
√
2(x1 cos l + x2 sin l)

∂

∂x1
, F2(l, x) =

∂

∂x2

!#$ 76#2-#%(' "&-4 [
2(x1 cos l + x2 sin l)

2 0
0 1

]

,!&$. #<.-#1.2 ($ +H0 ,!('! 2&.$ *&% .<.* 2.O*. # 2(J.-.*%(#8). $689N(.4#**(#*

$5$%.4 &* R2
;

+(<0 I 46'! $%-&*1.- -.76(-.4.*% ($ %!. .L($%.*'. &" # '!#*1. &" '&&-2(*#%.$ &*

X +(*26'(*1 # $54/).'%(' %-#*$"&-4#%(&* &* %!. '&%#*1.*%0 $& %!#% %!. #<.-#1.2

76#2-#%(' "&-4 8. 2(#1&*#);

P&- # 1(<.* z ∈ T ∗X3 ).%

u(l, z) =
∑

k∈Z

ck(z)ek(l), ek(l) = eikl,

2.*&%. %!. P&6-(.- $.-(.$ &" %!. '&*%-&) +Q0; R*. !#$ %!. "&))&,(*1 '&*<.-1.*'.

-.$6)%;

FH



 !"#"$%&%"' ()()  !" #$% &!'()(*+ ε, )-+ $!".#/ !&)(.#/ 0!$)"!/ ('

uε(l) = ε
∑

k∈Z

ck ◦ z̃ε(εl) ek(l)

#$1 )-+ '+"(+' 0!$*+"2+' &!($)3('+/%4 5!"+!*+", 6!" #$% k ∈ Z,

ck ◦ z̃ε → ck ◦ z 7$(6!"./% !$ [0, 1] #' ε→ 0+

3-+"+ )-+ '789:(+.#$$(#$ +;)"+.#/ z 1+&+$1' !$/% !$ )-+ 8!7$1#"% 0!$1()(!$'
x0, xf !$ X4

<"!!64  !" l ∈ [0, lf ]#

uε(l) = u(l, x̃ε(εl), εp̃ε(εl))

= εu(l, x̃ε(εl), p̃ε(εl))

= ε
∑

k∈Z

ck(z̃ε(εl)) ek(l)

$%&'() $! $%* +!,'$-,)* .!'/*"0*'.* !1 $%*  !2",*" )*",*) &$ l 1!" z = z̃ε(l)3  !"
&'4 k ∈ Z#

ck(z) =
1

2π

∫ 2π

0

u(l, z)ek(l)dl

&'5 $%* 5*+*'5*'.* !' z ,) .!'$,'2!2) ),'.* $%* ,'$*0"&'5 ,) 6!2'5*5 ,' &

.!7+&.$ '*,0%6!2"%!!5 !1 $%* ,7&0* !1 z3

8*$ 2) 9'&::4 5*'!$* λ(l, x) $%* 6,00*)$ ;+!),$,/*< *,0*'/&:2* !1 $%* '!''*0=
&$,/* >2&5"&$,. 1!"7 ,' p

|u(l, x, p)|2 = ω2(l, x)
m∑

i=1

H2
i (l, z) = 2ω(l, x)Hn(l, z),

&'5 5*9'*

λ(x) = max
l∈S1

λ(l, x).

?) & )2+"*727 !1 .!'$,'2!2) 12'.$,!')# x 7→ λ(x) ,) !':4 :!-*" )*7,=.!'$,'!2)
&'5 -* 72)$ &))27* $%* *@,)$*'.* !1 & .!'$,'!2) 2++*" 6!2'5 ,' $%* )26)*>2*'$

"*)2:$3

 !"#"$%&%"' ()*) =+) σ 8+ # 0!$)($7!7' 67$0)(!$ '70- )-#) σ2
1!.($#)+' λ ($

# $+(2-8!7"-!!1 !6 x4 >-+$

lim sup
ε→0+

‖uε‖∞
ε

≤ ‖σ ◦ x · |p|‖∞.

 !""#$  ! [0, lf ]" #!$ %&'

|uε(l)|2 = ε2|u(l, z̃ε(εl))|2

≤ ε2σ2 ◦ x̃ε(εl) · |p̃ε(εl)|2,

'# (%$ )$'*+( %#+,' '-!.$ (%$ '/*&)$ )##( #0 (%$ )-1%( %&!, '-,$ .#!2$)1$' *!-3

0#)4+5 (# σ ◦ x · |p| &' ε 1#$' (# 6$)# 75 .#!(-!*-(5 #0 σ8

9:



 ! "#$%&'(')#*+ )* ,-%.-/ 0(+-

 !"#$ %&' #'(% $')*'%+", ,))+-"#(%'! ). /012 )# %&' %&+'' -"*'#!")#(3 !4(,' ).

'33"4!'!5 6' $'%

Hn(l, z) =
ω(l, x)

2
(H2

1 +H2
2 )(l, z), u(l, z) = ω(l, x)(H1, H2)(l, z),

|u(l, z)|2 = ω2(l, x)(H2
1 +H2

2 )(l, z), 789

6"%&

F1(l, x) =
P 2

W 2

(
sin l

∂

∂ex
− cos l

∂

∂ey

)
,

F2(l, x) =
P 2

W 2

(
2P

W

∂

∂P

+(cos l +
ex + cos l

W
)
∂

∂ex
+ (sin l +

ey + sin l

W
)
∂

∂ey

)
,

(#-

ω(l, x) =
W 2

P 3/2
, W = 1 + ex cos l + ey sin l.

:#%+)-;,"#$  !"#  $%&$#5 n = a−3/2
5 (#- %'(! "#$ ")*5 τ = l − θ5 )#' $'%!

F1(l, x) =
(1− e2)2
n4/3W 2

(
−3ne sin τ

1− e2
∂

∂n
+ sin τ

∂

∂e
− cos τ

1

e

∂

∂θ

)
, 7<9

F2(l, x) =
(1− e2)2
n4/3W 2

(
− 3nW

1− e2
∂

∂n
+ (cos τ +

e+ cos τ

W
)
∂

∂e

+ (sin τ +
sin τ

W
)
1

e

∂

∂θ

)
, 7=9

6"%&

W = 1 + e cos τ.

>! ( +'!;3%5 %&' ,)*4;%(%")# ). ?);+"'+ !'+"'! ). Hn 7)+ u9 (+' 4'+.)+*'- 6"%&
+'!4',% %) τ +(%&'+ %&(# l !)5 (! θ )#3@ (44'(+! %&+);$& τ 5

Hn(l, z) =
∑

k∈Z

ck(n, e, p)ek(l − θ) =
∑

k∈Z

ck(z)ek(l),

(#- ,)'A,"'#%! B'+".@

ck(z) = ck(n, e, p)ek(θ).

 !"#"$%&%"' ()*) +,! "-.$&#% pθ &/ " )&#!"' 0'/% &#%!1'") $2 H3

4'$$23 >,,)+-"#$ %) %&' 4+'B");! +'*(+C5 θ "! ,@,3", "# %&' (B'+($'- D(*"3%)E
#"(#1

F&' +'*(+C(G3' .'(%;+' ). %&' !'% (n, e, θ) ). ,))+-"#(%'! "! %&' .)33)6"#$
H85 2<5 2=I1

 !"#"$%&%"' ()+) +,! "5!'"1!- 6" &)%$#&"# &/ 7&! "##&"# "#- $'%,$1$#") &#

(n, e, θ) 8$$'-&#"%!/9

H(z) =
1

2n5/3

[
9n2p2n +

5

2
(1− e2)p2e +

5− 4e2

2

p2θ
e2

]
.

J<



 !"#$%# &!%'&$%()* !+ ),% &!()#!- .#% !/0$!"*-1 !/).$(%2 +#!3 456789 (!)$(:

),.)

 !""# $%&%  !" #$%

e+ cos τ

W
= −z − 2

√
1− e2
e

∑

k≥1

zk cos kτ,
sin τ

W
= −2

e

∑

k≥1

zk sin kτ,

&#"'" z = −e/(1 +
√
1− e2) (% )#" *!+, -*+" (! )#" *-"! .!() /(%0 *1 W =

1 + e cos τ 2

;% <(.--1 =#!0$2% . &!()$("!"* "==%# /!"(2 !+ ),% %$:%(0.-"%* !+ ),% >".6

2#.)$& +!#3 .**!&$.)%2 ?$), ),% &!()#!- (!#39 .--!?$(: "* )! %*)$3.)% =#%&$*%-1

‖uε‖∞ .* ε→ 0+@

'()*)+,-,). $%/% 3(4"!5$+."% *1 )#" 6.$/'$)(7 1*'8 9:; $'" .!(1*'8+, /*8(<

!$)"/ =,

σ2(n, e) =
4(1− e2)
n2/3

[
(1 + e)2

n4/3
+ 1

]
+

e

n2/3

[
e+

√
1− e2

]
.

>'**12 A$(&% ?% ,.0% . #.(B )?! 2$*)#$/")$!( 45678 !+ 0%&)!# <%-2* 4=.#.3%)%#$C%2

/1 l ∈ S1
8 !( ),% ),#%%62$3%(*$!(.- 3.($+!-2 X9 . *$3=-% &!3=").)$!( *,!?*

),.) ),% 3.D$3"3 %$:%(0.-"% $*

λ(l, x) =
ω2(l, x)

2

[
F 2
1 + F 2

2 +
√
(F 2

1 − F 2
2 )

2 + 4(F1|F2)2
]
(l, x),

,%(&% ),% #%*"-)@

E,% #%*"-)$(: %*)$3.)% =#!0$2%2 /1 F#!=!*$)$!( G@H 2%=%(2* !(-1 !( ),%

:%!2%*$& &!((%&)$(: ),% )?! =#%*&#$/%2 =!$()* !( ),% 3.($+!-2@ I!3=-%)% >".6

2#.)"#% +!# ),%*% :%!2%*$&* .#% &!3=")%2 $( ),% (%D) *%&)$!(@

 !" #$%&'()( *+ ,-. %/.0%1.2 ('(,.3

E,% 3.$( *)%= $( ),% .(.-1*$* $* )! "*% +"#),%# (!#3.-$C.)$!(* )! !/).$( . :%!6

3%)#$& $()%#=#%).)$!(@

'()*)+,-,). $%0% ?! )#" "++(-)(7 /*8$(!@ &" %")

r =
2

5
n5/6, ϕ = arcsin e,

$!/ )#" 8")'(7 (% (%*8")'(7 )*

g = dr2 +
r2

c2
(dϕ2 +G(ϕ)dθ2)

&()#

c =
√
2/5 $!/ G(ϕ) =

5 sin2 ϕ

1 + 4 cos2 ϕ
·

J7



 !"#!$%&' &($!%)%!$*$&"(+  !"# $%&'() *%&' +(,-.&/# -!/ '("$ ,&%,/&-"/#

%* -!/ (0/&(1/2 %&3"-() -&($#*/&4 5$2//26 7/ /8-&(+- *&%' g -7% 9"/'($$"($
'/-&"+# "$ 2"'/$#"%$ -7%

g1 = dr2 + r2dψ2

7"-! ψ = ϕ/c 7!"+! "# (##%+"(-/2 7"-! %&3"-() -&($#*/& 7!/&/ θ "# :/,- ;8/26
($2 ()#%

g2 = dϕ2 +G(ϕ)dθ2

7!"+! &/,&/#/$-# -!/ &/#-&"+-"%$ -% r2 = c24

,+-+. /(*012&2 "3 g1

<!/$ pθ 0($"#!/#6 θ "# +%$#-($-4  !/ +%&&/#,%$2"$1 /8-&/'()# (&/ 1/%2/#"+# %*
-!/ 9"/'($$"($ ,&%3)/' "$ 2"'/$#"%$ -7% 2/;$/2 3= dθ = 04 </ /8-/$2 -!/
/))",-"+ 2%'("$ -% -!/  !"#$#%& '%()*+(%&!, ()) "#%'/-&"+ -%

Σ0 = {n > 0, e ∈]− 1,+1[}.

5$ ,%)(& +%%&2"$(-/# (r, ψ)6 Σ0 "# 2/;$/2 3= {r > 0, ψ ∈]−π/(2c), π/(2c)[}4  !"#
/8-/$#"%$ ())%7# -% 1% -!&%.1! -!/ #"$1.)(&"-= +%&&/#,%$2"$1 -% +"&+.)(& %&3"-#4

>/%'/-&"+())=6 -!"# 2/#+&"3/# -&($#*/&# 7!/&/ -!/ ($1)/ %* -!/ ,/&"+/$-/& "# :/,-

;8/2 ($2 pθ = 0 +%&&/#,%$2# -% -!/ -&($#0/&#()"-= +%$2"-"%$4 ?.+! ( ,%)"+= "#
+)/(&)= (##%+"(-/2 7"-! #-//&"$1 -!/ #=#-/' -%7(&2# +"&+.)(& %&3"-# 7!/&/ -!/

($1)/ θ %* -!/ ,/&"+/$-/& "# $%- ,&/#+&"3/24 @$ "',%&-($- ,!=#"+() #.3+(#/ "#
-!/ 1/%#-(-"%$(&= ;$() %&3"-4

5$ -!/ 2%'("$ Σ06 -!/ '/-&"+ g1 = dr2 + r2dψ2
"# ( ,%)(& '/-&"+ "#%'/-&"+

-% -!/ A(- '/-&"+ dx2 + dz2 "* 7/ #/- x = r sinψ ($2 z = r cosψ4
</ 2/2.+/ -!/ *%))%7"$1 ,&%,%#"-"%$4

4%")"2&$&"( ,+5+ -'! !./"! %(, 0) /'! %1!"%2!$ 30+(%&%" /"%&,)!" #& Σ0 %"!

,/"%#2'/ (#&!, #& ,4#/%5(! 300"$#&%/!,6 &% !(7

x =
23/2

5
n5/6 sin(c−1arcsin e), z =

23/2

5
n5/6 cos(c−1arcsin e)

8#/' c =
√
2/59 :#&3! c < 16 /'! $0 %#& #, &0/ 30&1!. %&$ /'!  !/"#3 g1 #, &0/

30 +(!/!9

;"00)9  !/ (8"# ex = 0 +%&&/#,%$2# -% +"&+.)(& %&3"-#4 @'%$1 -!/ /8-&/'()#6
7/ !(0/ -7% -=,/# B#// C"14 DEF +%',)/-/ +.&0/# %* -=,/ 16 ($2 $%$G+%',)/-/
+.&0/# %* -=,/ 2 -!(- '//- -!/ 3%.$2(&= %* -!/ 2%'("$4  !/ 2%'("$ "# $%-
1/%2/#"+())= +%$0/8 ($2 "$ #.32%'("$ 556 -!/ /8"#-/$+/ -!/%&/' *(")#4 C%& /(+!

"$"-"() +%$2"-"%$6 -!/&/ /8"#-# ( #/,(&(-&"8 S 7!"+! +%&&/#,%$2# -% ( #/1'/$- )"$/
"$ -!/ %&3"-() +%%&2"$(-/# 7!"+! "# '//-"$1 n = 0 "$ ;$"-/ -"'/4 5-# )/$1-! 1"0/#
-!/ 3%.$2 *%& ( #,!/&/ -% 3/ +%',(+-4

5$ %&2/& -% +%',)/-/ -!/ ($()=#"# %* g ($2 -% .$2/&#-($2 -!/ &%)/ %* g26 7/
,&/#/$- $%7 -!/ "$-/1&(-"%$ ()1%&"-!'4

HI





 !" #$"%&'() *"++,- ." H ′′ = c23 ,/0 pθ = c2- 1)&/2 pe = ė/10(1 − e2)3 4"

'5 ,&/

ė2 =
20(1− e2)

e2
[c3e

2 − (5− 4e2)c22].

6' &/ "2$, "3 4" )" w = 1− e2 7'$ e ∈]0, 1[3 )'  !" "8(, &'/  ,9")  !" 7'$+

dw

dT
= Q(w)

4!"$"

Q(w) = 80w[(c23 − c22)− (c23 + 4c22)w]

4& ! #')& &%" 0&):$&+&/,/ - ;"/:"  !" )'*( &'/ &)

w =
1

2

c23 − c22
c23 + 4c22

[
1 + sin(

4√
5

√
c23 + 4c22 )T +K

]
,

K 5"&/2 , :'/) ,/ - <" 0"0(:"  !, 

θ(T ) = θ(0) + 2c2

∫ T

0

1 + 4w(s)

1− w(s) ds

4!"$" θ(0) :,/ 5" )"  ' = 5> )>++" $>- 6' :'/:*(0"3 4" +() &/ "2$, " (1 +
4w(s))/(1 − w(s)) 4& ! w = K1(1 + sinx) ,/0 x = (4s/

√
5)
√
c23 + 4c22 + K-

6!"$"7'$"3 4" +() "%,*(, " ,/ &/ "2$,* '7  !" 7'$+

∫
A+B sinx

C +D sinx
dx·

?'$" #$":&)"*>3  !" 7'$+(*, &)

∫
A+B sinx

C +D sinx
dx =

B

D
x+AD −BC

∫
dx

C +D sinx

4& ! ∫
dx

C +D sinx
=

2√
C2 −D2

arctan

(
C tan(x/2) +D√

C2 −D2

)

,/0 C2 −D2 > 0- 6!" #$"%&'() *"++,) ,/0 :'+#( , &'/) 2&%"

 !"#"$%&%"' ()*+)  !" H ′′ 6= 0# $%& '!()$*!+' !,
→
H -.+ /& -!01)$&2 )'*+3

&(&0&+$."4 ,)+-$*!+' .+2

n(t) =

[
25

2
Ht2 + 15n(0)pn(0)t+ n5/3(0)

]3/5
,

e(t) =
√
1−K1(1 + sinK2(t)),

θ(t) = θ(0) +
pθ

2|pθ|
K3

[
−4x+

10

K3
arctan

(1−K1) tan(x/2)−K1

K3

]K2(t)

K

,

 !"#

K = arcsin

(
1− e(0)2

K1
− 1

)
, K1 =

1

2

H ′′(0)− p2θ
H ′′(0) + 4p2θ

,

K2(t) =
4√
5

(
T (t)

√
H ′′(0) + 4p2θ +K

)
, K3 =

√
5p2θ

H ′′(0) + 4p2θ
·

$%& H ′′ = 0' "#() *&( +"&*!,#" -!.(+/

0(1*&2  ! / "#$ %&'($ )'*+,-%. /0($ 1#$ 2'+3-$1$ .'-,10'4 ') 1#$ %..'20%1$5

6%+0-1'478%2'&0 9:,%10'4!

;<





 !""# $%&%  !" #"$%&' g2 &( ')*+)%#,- $) $!" .,$ #"$%&' %"($%&'$"/ $) ,*
)0-,$" "--&1()&/ )+ %"2)-3$&)* 4&$! 1,%,#"$"% µ = 1/

√
55

$%'%' ( )*+,#* +-./"#*/.0 1!23*. 4/.5 #--*/6#./+7 .+ +1,/.#* .1#728!1

 ! "#$% %&'"$(!) *& '(!%$+&, -! -!-./"$' 0&",$' (! R+ × S2

g = dr2 + (dϕ2 +G(ϕ)dθ2)

-!+ .&" H 1& "#& -%%('$-"&+ 2-0$."(!$-!3 4& 56 "#& 7-,-0&"&,$8-"$(! "( -,'

.&!9"# 1/ ,&%",$'"$!9 "( "#& .&:&. %&" H = 1/23 ;&" x1) x2 1& "*( &6",&0-. '<,:&%

%"-,"$!9 =,(0 "#& %-0& $!$"$-. 7($!" x0 -!+ $!"&,%&'"$!9 -" %(0& 7(%$"$:& t3 4&

9&" "#& ,&.-"$(!%

r1(t) = r2(t), ϕ1(t) = ϕ2(t), θ1(t) = θ2(t),

-!+ =,(0 ;&00- >3?) *& +&+<'& "#-"

 !""# $%9% 6)$! "7$%"#,-( x1 ,*/ x2 (!,%" $!" (,#" pr(0) ,*/ +)% ",'! t8
r1(t) = r2(t)5

 = *& '(!%$+&, !(* "#& $!"&9,-. '<,:&% (= H ′ *#&,& H = (1/2)p2r + H ′/r2

(! "#& 56&+ $!+<'&+ .&:&. -!+ 7-,-0&"&,$8& "#&%& '<,:&% <%$!9 dT = dt/r2) *&

+&+<'& "#& =(..(*$!9 '#-,-'"&,$8-"$(!3

:1+-+2/./+7 $%;;%  !" +)--)4&*9 ')*/&$&)*( ,%" *"'"((,%: ,*/ (3;'&"*$ $)

'!,%,'$"%&<" "7$%"#,-( )+ H ′ 6= 0 &*$"%("'$&*9 4&$! (,#" -"*9$!

ϕ1(T ) = ϕ2(T ) ,*/ θ1(T ) = θ2(T )

$)9"$!"% 4&$! $!" ')#1,$&0&-&$: ')*/&$&)*

T =

∫ t

0

dt

r2(t)
=

[
2√
∆

arctanL(t)

]t

t=0

.

<5!+1!" $%=% = *"'"((,%: 9-)0,- )1$&#,-&$: ')*/&$&)* +)% ,* ,*,-:$&' #"$%&'

)* R+ × S1
*)%#,-&<"/ $)

g = dr2 + r2(dϕ2 +G(ϕ)dθ2)

&( $!,$ $!" &*>"'$&2&$: %,/&3( 0" 9%",$"% $!,* )% "?3,- $) π )* $!" (1!"%" r = 18
$!" 0)3*/ 0"&*9 %",'!"/ 0: $!" .,$ #"$%&' &* (1!"%&',- '))%/&*,$"(5

@%))+5 4& (1%&,:& "#-" $! "#& @-" '-%&) "#& '(07-"$1$.$"/ '(!+$"$(! '-!!(" 1&

%-"$%5&+3 A(,&(:&,) "#& $!B&'"$:$"/ ,-+$<% (! S2
$% π '(,,&%7(!+$!9 "( "#& #-.=C

.&!9"# (= - 9,&-" '$,'.&3 D(, "#& -!-./"$' 0&",$' (! S2
<!+&, '(!%$+&,-"$(!) "#&

$!B&'"$:$"/ ,-+$<% $% "#& .&!9"# (= "#& '(!B<9-"& 7($!" -" 0$!$0<0 +$%"-!'& (,

"#& #-.=C.&!9"# (= - '.(%&+ 9&(+&%$' EFGH3 I#& '(!B<9-"& 7($!" $%) $! -++$"$(!)

- .$0$" 7($!" (= "#& %&7-,-"$!9 .$!&3 2&!'&) $= "#& $!B&'"$:$"/ ,-+$<% $% %0-..&,

"#-! π) *& #-:& "*( 0$!$0$8&,% =(, "#& ,&%",$'"$(! (= "#& 0&",$' (! S2
*#$'#

$!"&,%&'"% *$"# - .&!9"# %0-..&, "#-! π3 4& %#-.. %#(* "#-" $" '(,,&%7(!+% "( -

7,(B&'"$(! (= "*( &6",&0-.% x1 -!+ x2 *#$'# $!"&,%&'" *$"# %-0& .&!9"#3

J?



 !" #$%& '()"'*+,# r(0) = 1- .' #') pr(0) = ε- H = 1/2 +/0 .' 1')

2H ′ = p2ϕ(0) +
p2θ(0)

G(ϕ(0))
= λ2(ε), λ(ε) =

√
1− ε2.

23 t1 4# )&' 4/5'%)464)7 "+04$# !/ )&' ,'6', #') H
′ = 1/2- 3!" H ′ = λ2(ε)/2 +/0

pr(0) = ε- 4) 4# "'#%+,'0 )! T1 = t1/λ(ε)8 9&' %!*:+)4;4,4)7 "',+)4!/ 3!" T = T1
)&'/ 146'#

T1 = arctan
t+ ε

λ(ε)
− arctan

ε

λ(ε)
·

<,'+",7- )&' *+(4*$* !3 )&' "41&) *'*;'" 4# π- )+=4/1 ε < 0- |ε| → 18 >'/%'-
4) %+/ ;' #+)4#?'0 #4/%' t1 < π8 9&' @+) %+#' #&!.# )&+) 4) 4# )&' #&+":'#)

;!$/08

A7 &!*!1'/'4)7- .' 0'0$%' )&' 3!,,!.4/1 %!"!,,+"78

 !"!##$"% &'('  ! "#$ %$"&'( ') *+&%,-'.$/ "+ dr2 + (r2/c2)(dϕ2 + G(ϕ)dθ2)0
"#$* "#$ 1+2*/ !+& "#$ '*3$("'4'"5 &,/'2) +* r2 = c2 ') cπ6

&')'* +,-.$//,$/ 01"2$31"- $/4 ,/5-03,2,3% "$4,16 ,/ !"7,3$# 3"$/68-"

B#4/1 #)+/0+"0 3!"*$,C 3"!* D4'*+//4+/ 1'!*')"7 EFGH- .' &+6' )&' 3!,,!.4/1

:"!:!#4)4!/8

9"!:!6,3,!/ &'(;' 7$" g 1$ , )%++"# %$"&'( +! "#$ !+&% dr2 + r2(dϕ2 +
G(ϕ)dθ2)6 8#$ +*-5 *+*9.$&+ (+%:+*$*" +! "#$ ;'$%,** "$*)+& ')

R2323 = r2
[
−G

′′(ϕ)

2
−G(ϕ) + G′(ϕ)2

4G(ϕ)

]

<#'(# ",=$) "#$ !+&% R2323 = −r2F (F ′′ +F ) '! <$ )$" G(ϕ) = F 2(ϕ)6 >$ #,4$

"#$&$!+&$ R2323 = 0 '! ,*/ +*-5 '! F (ϕ) = A sin(ϕ+ϕ0) <#'(# ') '*/2($/ 15 "#$

?," (,)$ '* ):#$&'(,- (++&/'*,"$)6

>'/%'- )&' *+4/ /!/IJ'"! #'%)4!/+, %$"6+)$"' !3 )&' *')"4% 4#

K =
R2323

| ∂∂θ ∧ ∂
∂ϕ |2

+/0 %!*:$)4/1 )&4# )'"* 4/ )&' %+#' !3 !";4)+, )"+/#3'"- .' 1')K

<-..$ &'(=' 8#$ )$("'+*,- (2&4,"2&$ '* "#$ :-,*$ (ϕ, θ) ') @'4$* 15

K =
(1− 24 cos2 ϕ− 16 cos4 ϕ)

r2(1 + 4 cos2 ϕ)2

,*/ K → 0 ,) r → +∞6

9"!:!6,3,!/ &'(&' 8#$ A,2)) (2&4,"2&$ +! "#$ %$"&'( +! g2 = dϕ2 +G(ϕ)dθ2

<'"# G(ϕ) = (sin2 ϕ)/(1 + 4 cos2 ϕ) ')

K =
5(1− 8 cos2 ϕ)

(1 + 4 cos2 ϕ)2
·

LM



 !"#$"% &'&'  !" #$%&& '%()$*%(" +, g2 -& ."/$*-)" ."$( *!" 0+1"& $.2 3$45
-3%3 $* *!" "6%$*+(7  !" -.8"'*-)-*9 ($2-%& -& π/

√
5 $.2 -& ("$'!"2 :9 *!"

&!+(*"&* '+.8%/$*" 0+-.* $1+./ *!" "6%$*+(7

;(++,7  !"#$!% K &' (#)&(*( #+, "-*#! ./ 01" #!/+2 .3" "-*#./$ 43&53 &' #+

").$"(#! '/!*.&/+6 7"+5" # ,&$"5. 5/(8*.#.&/+ 2&1"' .3#. .3" '3/$."'. 5/+9*2#."

8/&+. &' /+ .3" "-*#./$ 4&.3 !"+2.3 π/
√
56 :. 5/$$"'8/+,' ./ .3" &+9"5.&1&.%

$#,&*' &; .3" 3#!;<!"+2.3 /; # '3/$."'. 8"$&/,&5 ").$"(#! &' 2$"#."$ .3#+ π/
√
56

=&(8!" 5!/'", ").$"(#!' #$" 5/(8*.", &+ >?@ *'&+2 .3" &+."2$#A&!&.% 8$/8"$.%

#+, # '&(8!" $"#'/+&+2 2&1"' .3#. .3" '3/$."'. 5/$$"'8/+,' ./ ("$&,&#+' 43/'"

!"+2.3 &' 2π6 7"+5" .3" $"'*!. &' 8$/1",6

(#$#))*$+ &',' <-.'" π/
√
5 < π

√
2/5= *!" ."'"&&$(9 +0*-3$1-*9 '+.2-*-+. +,

 !"+("3 >7> -& .+* &$*-&?"2 -. +(:-*$1 *($.&,"( ,+( *!" "4*".&-+. +, *!" 3"*(-'

*+ R+ × S2
7

&'-'. (/0 )#1/2 #3 S2
*34 5)#6*) #708%*)80+ $"2/)02 83 #$680*) 0$*329"$

B$/( .3" 8$"1&/*' '"5.&/+C .3" 5/(8*.#.&/+ /; .3" &+9"5.&1&.% $#,&*' ;/$ .3"

(".$&5 /+ S2
&' +/. '*D5&"+. ./ 5/+5!*," #A/*. 2!/A#! /8.&(#!&.%6 E (/$"

5/(8!"." #+#!%'&' &' +"5"''#$% ./ "1#!*#." .3" 5*. !/5*'6 F3&' #+#!%'&' $"-*&$"'

+*("$&5#! '&(*!#.&/+'6 F3" (#&+ $"'*!.' #$" >?C GG@H

:$#7#2808#3 &';-' @+( *!" 3"*(-' g2 +. S2
= *!"9 $(" "4$'*19 ?)" &-301" '1+&"2

/"+2"&-'& 3+2%1+ (+*$*-+.& $(+%.2 *!" 0+1"&= *!" &!+(*"&* :"-./ 3"(-2-$.& A-*!

1"./*! 2π= *!" 1+./"&* *!" "6%$*+( A-*! 1"./*! 2π
√
57

 !"#$"% &'-' B4'"0* ,+( 0+1"&= *!" '+.8%/$*" 1+'%& -& $ 2",+(3$*-+. +, $ &*$.5

2$(2 $&*(+-2 A-*! $4-$1 &933"*(9 $.2 *A+ '%&0& 1+'$*"2 +. *!" $.*-0+2$1 0$($11"17

C-*! *!" "4'"0*-+. +, 0+1"&= *!" '%* 1+'%& -& $ &-301" &"/3".*= 1+'$*"2 +. *!"

$.*-0+2$1 0$($11"1= A-*! $4-$1 &933"*(9= $.2 A!+&" "4*("3-*-"& $(" '%&0& 0+-.*&

+, *!" '+.8%/$*" 1+'%&7 @+( $ 0+1"= *!" '%* 1+'%& -& ("2%'"2 *+ *!" $.*-0+2$1 0+1"7

;(++,7 F3" 8$//; &' (#," A% ,&$"5. #+#!%'&' /; .3" ").$"(#! 5*$1"'6 F3" (#&+

8$/A!"( &' ./ 8$/1" .3#. .3" '"8#$#.&+2 !&+" &' 2&1"+ A% 8/&+.' /+ .3" #+.&8/,#!

8#$#!!"! 43"$"C A"5#*'" /; .3" &'/(".$% ϕ → π − ϕC .4/ ").$"(#!' 5*$1"' 4&.3
'#(" !"+2.3 &+."$'"5.6 F3&' 8$/8"$.% 5#++/. /55*$ A";/$"6 F3" $"'*!.' #$"

$"8$"'"+.", B&26 I6

<"#%"0$81 830"$7$"0*08#3 *34 1#%%"302' F3" (".$&5 &' 5/+;/$(#! ./

.3" $"'.$&5.&/+ /; .3" J#. (".$&5 ./ #+ /A!#." "!!&8'/&, /; $"1/!*.&/+6 B/$ '*53 #

(".$&5C .3" 5*. !/5*' &' K+/4+ '&+5" L#5/A& #+, &' '&(&!#$ ./ .3" /+" $"8$"'"+.",

/+ B&26 I6 :. &' # $"(#$K#A!" 8$/8"$.% .3#. .3"$" &' +/ A&;*$5#.&/+ /; .3" 5*.

!/5*' 43"+ .3" (".$&5 &' ,";/$(", A% .3" ;#5./$ Eµ(ϕ) :+ /$A&.#! .$#+';"$ ;/$
&+'.#+5"C .3" M#*'' 5*$1#.*$" &' +/. 8/'&.&1"6 N+ S2

C $"!#.&/+' A".4""+ .3"

5/+9*2#." #+, 5*. !/5& #!!/4 ./ ,",*5" .3" 5*. !/5*' ;$/( .3" 5/+9*2#." !/5*'6

 

F3" 5/+9*2#." !/5*' 5#+ #!'/ "#'&!% A" 5/(8*.", *'&+2 .3" 5/," >GO@6 :. 5#+ #!'/

A" ,",*5", A% &+'8"5.&+2 .3" ").$"(#! J/4 /+!%C .3" 5/+9*2#." !/5*' A"&+2 #+

"+1"!/8"6

 

 !" #$%&'$()* ' +!,'#$ -!.$+)+ -/ &0! #$&)"%)(&#$1 ,#$#,#2#$1 (."3)% ,.%& (!$&'#$ '

(!$4.1'&) 5!#$&6

PP





 !"#! $%! "&'()* +&'( ,- -,(,*)' $& $%! +.** #&"$'&* #)-!/ 0- 1!+&'!2 3! ,"$'&4.#!

$%! (!$',#-

g1 = dr2 + r2dψ2, ψ = ϕ/c,

)"4

g2 = dϕ2 +G(ϕ)dθ2.

5%! ()," 4,6!'!"#! 3,$% $%! +.** #&"$'&* #)-! 3,** #&"#!'" $%! -,"7.*)',$,!- &+

$%! +."#$,&" G/

 !"!# $%&'()* g1 +,- g2

5%! (!$',# g1 #&''!-8&"4- )7)," $& $')"-+!' $& #,'#.*)' &'1,$- )"4 ,- $%! 8&*)'
+&'( &+ $%! 9)$ (!$',# dx2 + dz22 ,+ x = r sinψ )"4 z = r cosψ/

5%! "&'()* +&'( '!:!)*- $%! -)(! %&(&7!"!,$; 8'&8!'$; 1!$3!!" $%! +.**

#&"$'&* )"4 $%! $)"7!"$,)* #)-!2 -& $%! (!$',# g2 #)" 1! .-!4 $& ()<! ) -,(,*)'
&8$,()*,$; )")*;-,-2 !:)*.)$,"7 $%! #&"=.7)$! )"4 #.$ *&#.-/ >.$ $%! (!$',# g2
#)""&$ 1! ,"$!'8'!$!4 )- ) -(&&$% (!$',# &" S2

/ 5%,- #)" 1! -!!" 1; #&(8.$,"7

$%! ?).-- #.':)$.'!/

.'/0/*(&(/,  !12!  !" #$%&& '%()$*%(" +, g2 -& .-)"/ 01

K =
(3 + cos2 ϕ)(cos2 ϕ− 2)

(1 + cos2 ϕ) cos2 ϕ
·

2/ 3$(*-'%4$( K → −∞ 5!"/ ϕ→ π/26 $/7 &-/'" K < 06 *!" '+/8%.$*" 4+'%& +,
$/1 3+-/* -& "93*1:

@!:!'$%!*!--2 $%! !A$'!()*- #)" 1! -(&&$%*; !A$!"4!4 $%'&.7% $%! -,"7.*)'

1&."4)'; &+ $%! 4&(),"2 $%! !B.)$&' ϕ = π/2/

 !"! 3,&%4'+&(/, /5 &6% %7&'%8+9 :/;

5%! )*7&',$%( 1)-!4 &" $%! "&'()* +&'( ,- -,(,*)' $& $%! 1,C,"8.$ #)-!2 1.$ 3!

#&(8)'! $%! '!-8!#$,:! $')"-#!"4!"#!/ 5%!  )(,*$&",)" ,- 3',$$!"

H =
1

4n5/3
[18n2p2n +H ′′]

3%!'! H ′′ "&3 $)<!- $%! +&'(

H ′′ =
8(1− e2)3/2
1 +

√
1− e2

p2e +
8(1− e2)

1 +
√
1− e2

p2θ
e2
·

D! -!$ H ′′ = c232 pθ = c22 )"4 +'&(

pe = 4n5/3
(1 +

√
1− e2)e

16(1− e2)3/2

3! &1$)," (
dw

dT

)2

=
Q(w)

(1 + w)2

3%!'! w =
√
1− e22 T ,- )- ," $%! 1,C,"8.$ #)-!2 )"4 Q ,- $%! +&.'$%C&'4!'

8&*;"&(,)*

Q(w) = 32w[c23(1− w2)(1 + w)− 8c22w
2].

EF







 ! "!#$%% &'(! )$&*# +"'+!",*!& '- ,.! !%%*+&'*/ '0 "!1'%2,*'-3

 !"#"$%&%"' ()*+)  ! "! #$%"&' '%%()*#(+ #, -'.#%/&(#!0

1 &2' 3"/** 4/-."&/-' (* 5#!#&#!' (!4-'"*(!6 ,-#5 &2' 7#-&2 )#%' &# &2'

'8/"&#-0

1 &2' 4/& %#4/* #, " )#(!& 92(42 (* !#& " )#%' (* " */$"-4 #, &2' "!&()#+"%

)"-"%%'%0

1 &2' 4#!:/6"&' %#4/* #, " )#(!& 92(42 (* !#& " )#%' 2"* " *&"!+"-+ "*&-#(+

*2")' 9(&2 ,#/- 4/*)*;

4.! &*(+%! &,"2#,2"! '0 ,.! #2, %'#2& *& $ #'-&!52!-#! '0 67893

,-."!./ ()0) <'& dϕ2 + G(ϕ)dθ2 $' " 5'&-(4 #! " &9#=*)2'-' #, -'.#%/&(#!;
>' "**/5'?

1 @2' &-"!*,#-5"&(#! ϕ −→ π − ϕ (* "! (*#5'&-A *3!3 G(π − ϕ) = G(ϕ)0

1 @2' 3"/** 4/-."&/-' K (* 5#!#&#!' !#! +'4-'"*(!6 "%#!6 " 5'-(+("!

,-#5 &2' 7#-&2 )#%' &# &2' '8/"&#-;

@2'!0 &2' 4/& %#4/* #, " )#(!& !#& " )#%' (* " *(5)%' $-"!42 %#4"&'+ #! &2'

"!&()#+"% )"-"%%'%;

1##2%34&%"') :!, gλ )! ,.! 0$(*%; '0 $-$%;,*# (!,"*#& '- S2
/!<-!/ );

gλ = dϕ2 +Gλ(ϕ)dθ
2, Gλ(ϕ) =

(1 + λ)2 sin2 ϕ

(1 + λ cos2 ϕ)
, λ ≥ 0.

4.! =$2&& #2"1$,2"! *& >*1!- );

Kλ = − 1√
G

∂2
√
G

∂2ϕ
=

(1 + λ)(1− 2λ cos2 ϕ)

(1 + λ cos2 ϕ)2
·

?!-#! *0 0 < λ ≤ 2 !"#$ Kλ %& '($(!($# $($ )#*+#,&%$- .+(' !"# /(+!" 0(1#

!( !"# #23,!(+ ,$) !"# 0+#4%(3& !"#(+#' ,&&#+!& !",! !"# ($# 0,+,'#!#+ .,'%15

",& , *3! 1(*3& +#)3*#) !( , &%'01# 6+,$*" .(+ λ ∈]0, 2]7

8. λ > 2 !"# 9,3&&%,$ *3+4,!3+# Kλ %& $(! '($(!($# ,$) !"# +#&31! *,$$(! 6#

,001%#)7 8$ 0,+!%*31,+ !"# (+6%! !+,$&.#+ :%!" .311 *($!+(1 *(++#&0($)& !( λ = 4 

:"%1# ,! !"# 1%'%! *,&# λ = +∞ , &%$-31,+%!5 ,00#,+&7 ;"# <%#',$$%,$ '#!+%*

",& , 0(1# ,! !"# #23,!(+ !"# &%!3,!%($ 6#%$- &%'%1,+ !( !"# ($# (**3+%$- :"#$

!"# !"+3&! %& ($15 !,$-#$!%,17 =#$*# ;"#(+#' >7? ",& !( 6# +#@$#) !( )#,1 :%!"

&3*" &%!3,!%($&7 ;"# @$,1 +#&31! %& *('%$- .+(' ABC7

D# *($&%)#+ , '#!+%* (. !"# .(+' g = ϕ2 +G(ϕ)dθ2 :"#+# G′ %& $($ E#+( ($

]0, π2 [ ,$) G(π − ϕ) = G(ϕ)7

 !"#$%$&# '()( ;"#  !"# !$#%!& '())*&+ !( !"# #23,!(+ %& !"# ',0

∆θ : pθ ∈]0,
√
G(π/2)[ 7→ ∆θ(pθ)

!",! %& !"# θF4,+%,!%($ (. !"# #G!+#',1 0,+,'#!#+%E#) 65 ,+* 1#$-!" ,$) ,&&(*%F

,!#) :%!" !"# ,)H(%$! 4#*!(+ *('0($#$! pθ7 ;"# #G!+#',1 I(: %& *,11#) #('$ %.

!"# @+&! +#!3+$ ',00%$- %& '($(!($# $($F%$*+#,&%$- .(+ pθ ∈]0,
√
G(π/2)[7

JK



 !"#$"% &'('  ! "#$ "%&$ '%($) "#$ '*" +,'*( ,- % .,/!" 0/1$2$!" -2,& % .,+$

/( % (*3($" ,- "#$ %!"/.,0%+ .%2%++$+4  - &,2$,5$2 ∆θ′(pθ) < 0 < ∆θ′′(pθ) ,!

]0,
√
G(π/2)[) "#$! "#$ ',!6*7%"$ +,'*( ,- (*'# % .,/!" #%( $8%'"+9 -,*2 '*(.(4

:$&%2;  !"4 #$%& '(&)*+ ,-. /( (0+(.1(1 +2 +$( &%.3)*-' ,-&( 4$('( +$( 5(+'%,

$-& 62*(& -+ +$( (7)-+2'!

 !"#$%& '("('()*+(," (" +-# !*$+-./,," 01*2#

'(00(," 3(+- 4,3 +-$50+

 !" #$% &'()*+ ,-)(.%/

8. +$%& &(,+%2.9 4( :2**24 5-%.*; <=>? @&(( -*&2 <=A? -.1 < =?B! C2.&%1(' N 62%.+

5-&&(& m1, . . . ,mN 52D%.3 %. - E-*%*(-. '(:('(.,( &;&+(5 R3
4$('( +$( 2.*;

:2',(& -,+%.3 -'( +$(%' 5)+)-* -++'-,+%2.&! 8: q = (q1, . . . , qN ) ∈ R3N
%& +$( &+-+(

-.1 p = (p1, . . . , pN ) %& +$( 525(.+)5 D(,+2'9 +$( (7)-+%2.& 2: 52+%2. -'(

q̇ =
∂H

∂p
, ṗ = −∂H

∂q

4$('( +$( F-5%*+2.%-. %&

H =
N∑

i=1

|pi|2
2mi

− U, U(q) =
N∑

1≤i<j≤N

Gmimj

|qi − qj |
·

G &)/,-&( %& +$( ,26*-.-' &%+)-+%2. 4$('( +$( N 5-&&(& -'( %. - 6*-.( R2
!

8. +$%& ,-&( +$( E-*%*(-. '(:('(.,( :'-5( ,-. /( '(6*-,(1 /; - '2+-+%.3 :'-5(

1(H.(1 /;

K =

[
0 1
−1 0

]
, exp(ωtK) =

[
cosωt sinωt
− sinωt cosωt

]
,

-.1 %.+'21),%.3 - &(+ 2: ,22'1%.-+(& 4$%,$ ).%:2'5*; '2+-+(& 4%+$ :'(7)(.,; ω9
2.( 1(H.(& +$( &;56*(,+%, +'-.&:2'5-+%2.

ui = exp(ωtK)qi, vi = exp(ωtK).

G &+-.1-'1 ,256)+-+%2. 3%D(& +$( F-5%*+2.%-. 2: +$( N I/21; 6'2/*(5 %. '2I

+-+%.3 ,22'1%.-+(&9

H =
N∑

i=1

|v|2
2mi

−
N∑

i=1

wtuiKvi −
N∑

1≤i<j≤N

Gmimj

|qi − qj |
·

8. 6-'+%,)*-'9 +$( J(6*(' 6'2/*(5 %. '2+-+%.3 ,22'1%.-+(& )6 +2 - .2'5-*%K-+%2.

$-& +$( :2**24%.3 F-5%*+2.%-.

H =
|p|2
2
− tqKp− 1

|q| ·

A=



 !" #$% &'(&)*+( (%,-('&-%. /012.3 4(21*%5 '6 7+&21' &20

2(.'6+-%,

 !" #$%%$&'() *"+*","(-.-'$( $# -!" /.*-!01$$( +*$2%"3 4-, '( -!" ,$05.%%"6

 !" #$%" "&'("! (&) *+,-). /"-,$&07 8( -!" *$-.-'() #*.3"9 -!" /.*-! &!'5! ', -!"

2'))",- +*'3.*: +%.("- &'-! 3.,, 1 − µ ', %$5.-"6 .- (−µ, 0) &!'%" -!" 1$$(
&'-! 3.,, µ ', %$5.-"6 .- (1−µ, 0) ;-!" ,3.%% +.*.3"-"* 2"'() µ ≃ 1.2153e−2<7
=" ($-" z = x + iy -!" +$,'-'$( $# -!" ,+.5"5*.#-9 .(6 ρ19 ρ2 -!" 6',-.(5", -$
-!" +*'3.*'",9

ρ1 =
√
(x+ µ)2 + y2,

ρ2 =
√
(x− 1 + µ)2 + y2.

 !" ">?.-'$( $# 3$-'$( ',

z̈ + 2iż − z = −(1− µ)z + µ

ρ31
− µz − 1 + µ

ρ32

-!.- ',

ẍ− 2ẏ − x =
∂V

∂x
, ÿ + 2ẋ− y =

∂V

∂y
,

&!"*" −V ', -!" +$-"(-'.% $# -!" ,:,-"3 6"4("6 2:

V =
1− µ
ρ31

+
µ

ρ32
·

 !" ,:,-"3 5.( 2" &*'--"( ?,'() @.3'%-$('.( #$*3.%',3 ,"--'()

q1 = x, q2 = y, p1 = ẋ− y, q2 = ẏ + x,

.(6 -!" @.3'%-$('.( 6",5*'2'() -!" 3$-'$( &*'-",

H0(q1, q2, p1, p2) =
1

2
(p21 + p22) + p1q2 − p2q1 −

1− µ
ρ1

− µ

ρ2
·

 !/ 7+&21' '6-%8(+*9 :'** (%8'26, +6. %;)'*'1(')5 42'6-,

 !" A.5$2' '(-")*.% ?,'() @.3'%-$('.( #$*3.%',3 ', ,'3+%: -!" @.3'%-$('.( H0

&!'5! )'B",

H(x, y, ẋ− y, ẏ + x) =
ẋ2 + ẏ2

2
− Ω(x, y)

&!"*"

Ω(x, y) =
1

2
(x2 + y2) +

1− µ
ρ1

+
µ

ρ2
·

C$%?-'$(, .*" 5$(4("6 $( -!" %"B"% ,"-

ẋ2 + ẏ2

2
− Ω(x, y) = h, h 5$(,-.(-.

 !" 1!$$ )-0%!2 #$* -!" B.%?" h ', -!" *")'$( &!"*" -!" 3$-'$( 5.( $55?*9 -!.-
', {(x, y) ∈ R2 | Ω(x, y) + h ≥ 0}7

 !" ">?'%'2*'?3 +$'(-, $# -!" +*$2%"3 .*" &"%% D($&(7  !": ,+%'- '(-$ -&$

6'E"*"(- -:+",F

GH



  !"#$ %&'()*! "#$% &'$ (#$ )*++,-$&' .*,-(/ 0$-*($0 L11 L2 &-0 L3 +*)&($0

*- (#$ +,-$ y = 0 0$2-$0 3% (#$ .',4&',$/! 5*' (#$ 6&'(#78**- .'*3+$4

(#$% &'$ 9,:$- 3%

x1 ≃ −1.0051, x2 ≃ 8.369e− 1, x3 ≃ 1.1557.

 +,-$,(-# %&'()*! "#$ (;* .*,-(/ L4 &-0 L5 <*'4 ;,(# (#$ (;* .',4&',$/

&- $=>,+&($'&+ (',&-9+$!

?*4$ ,4.*'(&-( ,-<*'4&(,*- &3*>( /(&3,+,(% *< (#$ $=>,+,3',>4 .*,-(/ &'$ .'*7

:,0$0 3% (#$ $,9$-:&+>$/ *< (#$ +,-$&',@$0 /%/($4! "#$ +,-$&',@$0 4&(',A $:&+7

>&($0 &( .*,-(/ L11 L2 *' L3 &04,(/ (;* '$&+ $,9$-:&+>$/1 *-$ 3$,-9 /(',)(+%

.*/,(,:$1 &-0 (;* ,4&9,-&'% *-$/! "#$ )*++,-$&' .*,-(/ &'$ )*-/$=>$-(+% -*(

/(&3+$! B- .&'(,)>+&'1 (#$ $,9$-:&+>$/ *< (#$ +,-$&',@$0 4&(',A $:&+>&($0 &( L2

;,(# µ = 1.2153e − 2 &'$ &..'*A,4&($+% ±2.931837 &-0 ±2.334248i! C#$- ,(

,/ $:&+>&($0 &( L4 *' L51 (#$ +,-$&',@$0 4&(',A #&/ (;* ,4&9,-&'% $,9$-:&+>$/

/,-)$ µ < µ1 = (1/2)(1−
√
69/9) ,- (#$ 6&'(#78**- /%/($4! D*,-(/ L4 &-0 L5

&'$ (#>/ /(&3+$ &))*'0,-9 (* E'-*+0 /(&3,+,(% (#$*'$4 FGHI! ?$$ &+/* FGJI <*' &

'$:,$; *< 4,//,*- 0$/,9- ($)#-,=>$/ >/,-9 (#$ $=>,+,3',>4 .*,-(/!

 ! "#$ %&'()'*+()&' ,$(#&-

"#$ 4&(#$4&(,)&+ )*-(,->&(,*- 4$(#*0 ,- (#$ '$/(',)($0 ),')>+&' .'*3+$4 ,/

*4-,.'$/$-( ,- D*,-)&'KL/ ;*'M1 ,- .&'(,)>+&' <*' (#$ )*-(,->&(,*- *< ),')>+&'

*'3,(/ FGNI! O$*4$(',)&++%1 ,( ,/ /,4.+% & )*-(,->&(,*- *< ('&P$)(*',$/ *< Q$.+$'

.'*3+$4 ,-(* ('&P$)(*',$/ *< (#$ R73*0% .'*3+$4! B( &4*>-(/ (* )*-/,0$',-9 µ &/

& /4&++ .&'&4$($'S(#$ +,4,( )&/$ µ = 0 3$,-9 Q$.+$' .'*3+$4 ,- (#$ '*(&(,-9

<'&4$S;',(,-9

H0 =
|p|2
2
− tqKp− 1

|q| + o(µ).

"#$ &..'*A,4&(,*- <*' µ ,/ :&+,01 & -$,9#3*>'#**0 *< (#$ .',4&',$/ 3$,-9 $A7

)+>0$0! B- (#$ 6&'(#78**- .'*3+$41 /,-)$ µ ,/ :$'% /4&++1 (#$ Q$.+$' .'*3+$4

,/ & 9**0 &..'*A,4&(,*- *< (#$ 4*(,*- ,- & +&'9$ -$,9#3*>'#**0 *< (#$ 6&'(#!

 ! !" #$% &'()*'+ ,*'-+%.

"#$ )*-('*+ /%/($4 ,- (#$ '*(&(,-9 <'&4$ ,/ 0$0>)$0 <'*4 (#$ .'$:,*>/ 4*0$+

&-0 )&- 3$ ;',(($- ,- T&4,+(*-,&- <*'4

dx

dt
=
→
H 0(x) + u1

→
H 1(x) + u2

→
H 2(x)

;#$'$ x = (q, p)1
→
H 0 ,/ (#$ <'$$ 4*(,*- &-0

→
H 11

→
H 2 &'$ 9,:$- 3%

→
H i = −qi1

i =U1G! E/ <*' (#$ Q$.+$' .'*3+$41 (#$ 4&// :&',&(,*- *< (#$ /&($++,($ )&- 3$

,-('*0>)$0 ,- (#$ 4*0$+ 0,:,0,-9 ui 3%m(t) &-0 &00,-9 (#$ $=>&(,*- ṁ = −δ|u|!
E9&,-1 ,( ;,++ 3$ -*( (&M$- ,-(* &))*>-( #$'$! 8*'$*:$' ;$ /(,++ '$/(',)( *>'

&-&+%/,/ (* (#$ $-$'9% 4,-,4,@&(,*- .'*3+$4 ;,(# 2A$0 2-&+ (,4$ tf &-0 )*-('*+

:&+>$0 ,- R2
! "#$ .#%/,)&+ .'*3+$4 ;#,)# ,/ (* 4&A,4,@$ (#$ 2-&+ 4&// )&-

3$ &-&+%@$0 >/,-9 & )*-(,->&(,*- 4$(#*0! D'$+,4,-&'% '$/>+(/ ,- (#$ 4,-,4>4

(,4$ )&/$ &'$ 9,:$- ,- FUHI!

VJ



 !"#$% &'((')# "('#* !)+ ,%),"!(')# -$!!./ 01 2345 +$( %.$!'6./ 78 90 

$#/ :;. ,%$-:'-$! /.:$'!( )< :;. &'((')#='# ,$%:'-"!$% :;. /.(-%',:')# )< :;.

:%$>.-:)%8=$%. %.,)%:./ '# ?@AB CDEF G. ,%.(.#: $ :%$>.-:)%8 $#$!8('( 7$(./

)# )"% *.)&.:%'- $#/ #"&.%'-$! :.-;#'H".(F I)% ('&,!'-':8B +. ;$J. KL./ :;.

7)"#/$%8 -)#/':')#( :) -'%-"!$% )%7':(B :;. )#. $%)"#/ :;. 9$%:; -)%%.(,)#/'#*

:) :;. *.)(:$:')#$%8 )#.F M": .J.%8:;'#* -$# 7. $,,!'./ :) ):;.% 7)"#/$%8

-)#/':')#(B <)% '#(:$#-. :;)(. /.(-%'7./ '# :;. %.,)%: (:$:"( )< :;. 01 2345

&'((')#F  :%$>.-:)%8 -)&,$%'()# '( /'(-"((./ '# :;. K#$! (.-:')# N(.. $!() ?OEPF

Q"% $#$!8('( '( 7$(./ )# $ #"&.%'-$! -)#:'#"$:')#B '#-!"/'#* (.-)#/4)%/.%

),:'&$!':8 -;.-RB +;.%. µ '( :;. ,$%$&.:.% )< :;. -)#:'#"$:')#F 3;. $J.%$*./
(8(:.& '( K#$!!8 $,,!'./ :) *.: $# $,,%)L'&$:. .#.%*8 &'#'&'6'#* :%$>.-:)%8 <)%

:;. ,;$(. )< :;. &'((')# :;$: (:$%:( <%)& :;. -'%-"!$% 9$%:; )%7': $#/ $'&( $:

$ H"$('4.!!',:'- )%7': +;.%. :;. $,)*.. '( $7)": 338000 S'!)&.:.%(F T# :;. %.4
(:%'-:./ ,%)7!.& $,,%)L'&$:')#B :;. .U.-: )< :;. '#-!'#$:')# N$%)"#/ 30 /.*%..(
'# ,;$(. :+) )< :;. &'((')#P '( #): &)/.!!./ ;.%.F

 ! !" #$%&'()*+ ),-.(-$*.(,- /,' .0& 1*'.02L2 .'*-3/&'

 ( $ K%(: $,,%)$-; +. -;))(. :) ('&"!$:. :;. 9$%:;4L2 :%$#(<.% '# :;. %.(:%'-:./

C47)/8 ,%)7!.&F T#/../B '# :;. !'&': -$(. µ = 0B :;. 1))# $#/ :;. ,)'#: L2 $%.

'/.#:'-$!F 1)%.)J.%B '# :;. 9$%:;41))# (8(:.&B :;. ,)'#: L2 $#/ :;. 1))# $%.

J.%8 -!)(.F  ( $ %.("!:B :;. K%(: ,;$(. )< $# 9$%:;41))# :%$#(<.% '( -)&,$%$7!.

:) $# 9$%:;4L2 :%$#(<.%F 0)!J'#* :;. (;)):'#* <"#-:')# $(()-'$:./ +':; :;.

9$%:;4L2 :%$#(<.% '( -)#(.H".#:!8 "(.<"! :) ,%)J'/. $ *))/ $,,%)L'&$:')# )< :;.

()!":')# )< :;. 9$%:;41))# :%$#(<.% (;)):'#* <"#-:')#F

V('#* $ -'%-"!$% )%7': $%)"#/ :;. 9$%:; <)% :;. *.)(:$:')#$%8 )#.B +. (.: $(

'#':'$! -)#/':')# x0 = (1− µ+ 1.099e− 1, 0, 0, 2.8792)F 3;. ,)'#: L2 '( !)-$:./

)# (xL2
, 0) +':; xL2

()!":')# )< :;. .H"$:')#

x− (1− µ)(x+ µ)

ρ31
− µ(x− 1 + µ)

ρ32
= 0.

0'#-. +. +$#: :) %.$-; L2 +':; $ 6.%) (,../B +. KL :;. :$%*.: xf = (xL2
, 0, 0, 0)F

M8 &$R'#* :;. ,$%$&.:.% µ J$%8 <%)& 6.%)B )#. 7"'!/( ", $ <$&'!8 (Sµ)µ )<
(;)):'#* <"#-:')#( +;'-; -)##.-:( :;. S.,!.% $#/ :;. C47)/8 ,%)7!.&F 3;.

#"&.%'-$! -)#:'#"$:')# &.:;)/ -$# 7. $,,!'./ :) /./"-. !)+ :;%"(: .L:%.&$!

:%$>.-:)%'.( )< :;. 9$%:;4L2 :%$#(<.% <%)& :;. S.,!.% )#.(F

T# $--)%/$#-. +':; :;. %.,)%: (:$:"( )< 90 B +. KL :;. :%$#(<.% :'&. :) 121
:'&. "#':( )< :;. %.(:%'-:./ C47)/8 ,%)7!.&B +;'-; $,,%)L'&$:.!8 -)%%.(,)#/( :)

:;. :%$#(<.% :'&. <%)& :;. 9$%:; :) :;. ,)'#: L2 /"%'#* :;. 01 2345 &'((')#

N$7)": 17 &)#:;(PF T# $//':')#B +. -)#('/.% $ -)#(:$#: (,$-.-%$<: &$(( )<

350 S'!)*%$&(B (.. ?@AB CDEF 0.::'#* µ = 0B +. -)&,":. $# .L:%.&$! "('#* :;.
(;)):'#* &.:;)/B :;.# '#-%.$(. µ ", :) 1.2153e−2 +':; $ /'(-%.:. -)#:'#"$:')#F
 : .$-; (:.,B :;. K%(: -)#>"*$:. :'&. $!)#* :;. .L:%.&$! '( -)&,":./ :) .#("%.

-)#J.%*.#-. )< :;. -)#:'#"$:')# &.:;)/F 3;. 9"-!'/'$# #)%& )< :;. .L:%.&$!

-)#:%)! '( ,!)::./ I'*F 5W :) /%$+ $ -)&,$%'()# 7.:+..# :;. -)#:%)! 7)"#/ $#/

:;. &$L'&"& :;%"(: $!!)+./ 78 .!.-:%)4')#'- .#*'#.(F I'*(F X :) 5W ,%.(.#: :;.

-)&,":./ (,$-.-%$<: :%$>.-:)%'.( '# 7):; %):$:'#* $#/ KL./ <%$&.(B $( +.!! $(

:;. K%(: -)#>"*$:. :'&. $#/ :;. #)%& )< :;. -)#:%)! $!)#* :%$>.-:)%'.( '# S.,!.%

$#/ 9$%:;41))# (8(:.&(F

XY









 !"#$% &'(  !$)* +,-.#"/*% *!0%1 2/$*34L2 *$/-)5%$1 µ = 1.2153e− 26

 !"#$% &7( 8,$0 ,5 *3% %9*$%0/: +,-*$,:1 2/$*34L2 *$/-)5%$1 µ = 1.2153e− 26

!) +3,)%- /) *3% */$"%* ,$;!*6 <- /==!*!,- *, *3% 5,$0%$ -%+%))/$> +,-=!*!,-)1 *3%

0/9!0#0 ?$!-+!?:% ?$,@!=%) *3% *$/-)@%$)/:!*> +,-=!*!,- p(tf ) ⊥ Tx(tf )OL6 A3%

)3,,*!-" %B#/*!,- !) 0,=!C%= /++,$=!-":>1 /-= ,-% 3/) *, +3%+D :,+/: ,?*!0/:!*>

+,0?#*!-" 5,+/: !-)*%/= ,5 +,-.#"/*% ?,!-*)6

A3% *$/-)5%$ *!0% !) C9%= *, 124 *!0% #-!*) ,5 *3% $%)*$!+*%= '4;,=> ?$,;:%06
A3% %9*$%0/: *$/.%+*,$> !) ,;*/!-%= #)!-" *3% )3,,*!-" 0%*3,= /-= !-!*!/:!E!-"

p0 F!*3 *3% !-!*!/: +,)*/*% @%+*,$ ,5 *3% 2/$*34L2 *$/-)5%$6 A3% 2/$*34G,,-

HI











 !"#$% &&' ()$* )+ %,-$%*./ 0)1-$)/2 3.$-456))1 -$.17+%$2 µ = 1.2153e− 28

 !"#$ %&! '(!)"(*+  ! 9&::;<2 1)8 =2 =>?@ABB8

CDE F)11.$G2 F8H I.!//.#2 J85F8 K%)G%7!0 L)M )+ -4% .N%$."%G 0)1-$)//%G O%P/%$

%Q#.-!)18 ,&*-. ."/0$  " 9&::><2 1)8 ?2 ;>;@DBA8

C>E F)11.$G2 FH I.!//.#2 J85F8 R!1"#/.$ *%-$!07 )1 -4% -M)57P4%$% !1 7P.0%

*%04.1!078 1 ' 2*+2*(!/ 9&::D<2 1)8 ::=B>&>>2 B@&?8

CB:E F)11.$G2 F8H I.!//.#2 J85F8H S#T)/2 U8 31%$"V *!1!*!W.-!)1 )+ 7!1"/%5!1P#-

)$X!- -$.17+%$ XV .N%$."!1" .1G 0)1-!1#.-!)18 3-##$ 45($ 6"/0$ "#$ 9&::Y<2

1)8 D2 ;:;@;B>8

CBBE F)11.$G2 F8H I.!//.#2 J85F8H R!10/.!$2 U8H Z.1.[.2 68 I)1T#".-% .1G 0#-

/)0! )+ . -M)57P4%$% )+ $%N)/#-!)1 M!-4 .PP/!0.-!)1 -) )P-!*./ 0)1-$)/8  !!$

7!8/$ 1$ 9&(!5"*)  !"#$ %&! '(!)"(*+  % 9&::><2 1)8 A2 B:DB@B:>D8

CB&E F)11.$G2 F8H I.!//.#2 J85F8H Z$\/.-2 38 R%0)1G )$G%$ )P-!*./!-V 0)1G!-!)17

!1 -4% 7*))-4 0.7% .1G .PP/!0.-!)17 !1 )P-!*./ 0)1-$)/8 :4 76 ;&!/*&# <2=

/(.$ "!> ;"#5$ ?"*$ "# 9&::;<2 1)8 &2 &:;@&=Y 9 !"#$%&$$'()#*+,-")-")<8

CB=E F)11.$G2 F8H R404%$X.[)N.2 (8H R#"1V2 S8 Z4% 7*))-4 0)1-!1#.-!)1

*%-4)G !1 )P-!*./ 0)1-$)/ M!-4 .1 .PP/!0.-!)1 -) 0)1-$)/ 7V7-%*78 :4 76

;&!/*&# <2/(.$ "!> ;"#5$ ?"*2 -) .PP%.$8

CBAE I.!//.#2 J85F8 ;&!/*(@-/(&! A #B)/->+ >- 5&!/*C#+ +! /+.28 .(!(."# >+8

/*"!8D+*/8 &*@(/"-E8 ]4G -4%7!72 Z)#/)#7% ^1!N82 &:::8

CB?E I.!//.#2 J85FH S.)#G2 F8H K%$".#G2 J8 _1 7)*% U!%*.11!.1 .7P%0-7 )+

-M) .1G -4$%%5X)GV 0)1-$)//%G P$)X/%*78 F+5+!/  >G"!5+8 (! <2/(.(H"=

/(&! "!> (/8  22#(5"/(&!8 (! :!I(!++*(!I2 RP$!1"%$2 -) .PP%.$8 ]$)0%%G!1"7

DA



 ! "#$ %&"# '$()*+,-./$,0#-1$/2+, 3 ,!$/$,0$  , 45"*2*6+"* ,7 8$9:$,7

;$5"$2<$/ =>>?@

A%BC 3#+5(+*D7 .@ E:$/+)*,) +,F F$"$/2*,*D"*0  5"*2+( 0 ,"/ (@  !"# $% &'()*'+

,-)./%  ! G%?HIJ7 , @ K7 IBILIH>@

A%IC M 3+/2 7 N@ O@ 0.1/2((.2( 31'/1)*4@ '*/P#+9D$/7 ' D" ,7 %??=@

A%HC QF$(<+927 R@ S@ 45"*2+( ( T-"#/9D" /$,F$6-: 9D +,F D"+"* , P$$5*,)@

"!"" $%  G%?B&J7 , @ I7 %%?BL%=>%@

A%?C 1$U/ V7 ;@ 56(6*2+.72).'( 817 )19:(.;<17 81 /'41((2).'( 1( 9'()*=+1 '->

)./2+% "--+.92).'( 2<? -*'@+A/17 81 )*2(7B1*) 1) *1(81C>D'<7 '*@.)2<? E

-'<7761 B2.@+1@ O#F "#$D*D7 R 9( 9D$ W,*:@7 %??I@

A=>C 1$/)+9F7 X@Y Z+<$/P /,7 R@ Z 2 " 5V 2$"# F ! / 2*,*292 0 ,D925"* ,

 /<*" "/+,D!$/ 5/ <($2@ F "!# &'()*'+ ,-)./% &2+9% G2*% " G=>>BJ7 , @ =7

=?&LK%>@

A=%C 190P$,#$*2$/7 X@Y Z (2$D7 O@ H'(+.(12* '79.++2).'(7I 84(2/.92+ 747)1/7

2(8 @.B<*92).'(7 'B D19)'* J1+87@ ;5/*,)$/7 %??K@

A==C 19$//+7 N@Y ;+/V0#$:7 E@ Q[*D"$,0$ +,F 8*5D0#*"6*+, /$)9(+/*"V ! / /$(+[$F

2*,*2*6$/D@ #2):1/2).92+ 9'()*'+ ):1'*4 2(8 J(2(917 =K%L=\>7 ;5/*,)$/7

'$/(*,7 =>>H@

A=KC ]+" 7 R@ K1*)<*@2).'( ):1'*4 B'* +.(12* '-1*2)'*7@ ;5/*,)$/7 %?H>@

A=&C N+/DF$,7 X@ Q@Y ^ DD7 ;@ M@ S$T 2$"# FD *, 0$($D"*+( 2$0#+,*0D +,F 2*DD* ,

F$D*),7 L<++% "/1*% #2):%  '9% MH% %N #$ G=>>BJ7 , @ %7 &KLIK@

A=\C N$V$/7 ]@Y Z+((7 1@ ^@ !()*'8<9).'( )' O2/.+)'(.2( 84(2/.92+ 747)1/7 2(8

):1 N >@'84 -*'@+1/@ ;5/*,)$/7 S$T _ /P7 %??=@

A=BC O *,0+/`7 Z@ ,1<D*17@ 1+9"#*$/-a*((+/D7 O+/*D7 %?K&@
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




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




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
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





.

 , &"5*('("5 (5('(,+% *,53 +!%31,&% *%3 12,3%3 %3' F.;% =4G&% 6 +, &"5*('("5
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u∗(t) = BT p∗(t)

"- +% &"-1+% (q∗, p∗) %3' 3"+-'("5 *- 383'/0%

q̇ = Aq +BBT p

ṗ = −AT p.
BTD

 !;',' ,*$"(5' p∗ %3' *"55; 1,4 p∗ = exp−At p∗
0
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0.5

0

exp−As BBT exp−AT s ds
]

−1

(exp−AT t2f qf − q0).
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)+ 2'%&2 3 ,)$52 2)$> O$ )-5"-  ) 6" $","((%-3 (/P,2"$ )+ 2'%&2 3 ,)$52 2)$(

Q/$5"- 6"$"-2, %((/'+ 2)$(R )$" '/( 5"#$"  !" ,)$,"+ )* ,)$S/6% " +)2$ 0

1!2,! 1%( %&-"%53 2$ -)5/,"5 2$  !" ( %$5%-5 &2 "-% /-" )* ,%&,/&/( )* @%-2% 2)$(

8;= %$5 ,%$ ." 6"$"-%&27"5 2$ )+ 2'%& ,)$ -)&0 ("" *)- 2$( %$," 890 9M=> O*  !"

T%'2& )$2%$ )+ 2'%& 53$%'2,( 2( 5"(,-2."5 .3 % (')) ! T%'2& )$2%$ @", )-

#"&5

→
H 0 ,)$S/6% " +)2$ ( %-"  !" 2'%6" )*  !" (2$6/&%-2 2"( )*  !" "B+)$"$ 2%&

'%++2$6 U expq(0) : p(0) −→ Πq(exptf (
→
H )(q(0), p(0))) 1!"-" Πq : (q, p) −→ q

2(  !" ( %$5%-5 +-)S", 2)$> A/,! % +)2$ ,%$ ." $/'"-2,%&&3 ,)'+/ "5 /(2$6

 !" V) ,) ,)5" 5"(,-2."5 2$ 8E=> W"(25"(0 %$ 2'+)- %$ -"'%-D0 2$ @2"1 )*

 !" /(" )*  !" Q(')) !R ,)$ 2$/% 2)$ '" !)5 2$ )+ 2'%& ,)$ -)&0 2(  ) ).("-@"

 !%  !" (!)) 2$6 "I/% 2)$ 2( +-",2("&3  ) #$5 p(0) (/,!  !% expq(0)(p(0)) = q1
1!"-" q1 2(  !"  "-'2$%& ,)$52 2)$ %$5  !" 5"-2@% 2@" ,%$ ." 6"$"-% "5 /(2$6  !"

@%-2% 2)$%& "I/% 2)$ )*

→
H > C!2( 12&& &"%5  ) ,)$@"-6"$," -"(/& ( *)-  !" (')) !

,)$ 2$/% 2)$ '" !)5 2$ )+ 2'%& ,)$ -)&0 -"&% "5  ) "( 2'% "( )* ,)$S/6% " +)2$ (

89X=>

C!" (",)$5 (", 2)$ 2( 5"@) "5  ) +-"("$  !" (3( "' 1!2,! 2( 5"5/,"5 *-)'

 !" ( %$5%-5 ,2-,/&%- -"( -2, "5 ')5"& 1!"-"  !"  1) +-2'%-2"( %-" #B"5 2$ %

-) % 2$6 *-%'"0 ("" 8MX0 MM0 :Y=> Z+  ) % $)-'%&27% 2)$  !" (3( "' ,%$ ." 1-2  "$

2$  !" T%'2& )$2%$ *)-'

ż =
−→
H0(z) + u1

−→
H1(z) + u2

−→
H2(z)

1!"-" z = (q, p) ∈ R
4

%$5

−→
H0 2(  !" T%'2& )$2%$ @", )- #"&5 ,)--"(+)$52$6  )

 !"  !" 5-2* 

H0(z) =
1

2
(p21 + p22) + p1q2 − p2q1 −

1− µ

̺1
−

µ

̺2
,

q ."2$6  !" +)(2 2)$ )*  !" (+%,",-%* 0 ̺1 -"+-"("$ 2$6  !" 52( %$,"  )  !" [%- !

12 ! '%(( 1− µ &),% "5 % (−µ, 0) %$5 ̺2  !" 52( %$,"  )  !" L))$ 12 ! '%((

µ %$5 &),% "5 % (1 − µ, 0)0 1!2&" µ ≃ 0.012153 2( % ('%&& +%-%'" "-> C!"

\X



 !"#$%&'#!' $#(%) !))&*#!%+, -#%. %.+ *&'%/&$ *&//+)0&', %& %.+ (1'*%#&')

Hi(z) = −qi, (&/ i = 1, 2

!', ‖ u ‖ #) 2&1',+, 23 ǫ4
5.+ %.#/, )+*%#&' ,+!$) -#%. %.+ %#"+6"#'#"!$ 7!/%.68&&' %/!')(+/ 0/&2$+"4

9' %.!% *!)+: %.+ '&/" &( !' +;%/+"!$ *&'%/&$ #) *&')%!'% &1%)#,+ ! )+% &( "+!)1/+

<+/&: )++ =>?4 @ 0/+$#"#'!/3 )%1,3 -#$$ (&*1) &' %.+ 7!/%.6L1 %/!')(+/: -.#*.

0/&A#,+) !' !00/&;#"!%#&' &( %.+ B/)% 0.!)+ &( %.+ 7!/%.68&&' %/!')(+/4 C)#'D

&1/ D+&"+%/#* !'!$3)#): ! $&*!$$3 "#'#"#<#'D +;%/+"!$ #) '1"+/#*!$$3 *&"01%+,

1)#'D ! *&'%#'1!%#&' "+%.&, &' %.+ *&'%/&$ 2&1', ǫ4 @*%1!$$3: %.+ *&'A+/D+'*+
&( %.+ )#"0$+ ).&&%#'D "+%.&, #) +!)#$3 &2%!#'+, -#%. $!/D+ %./1)%: %.+ %/!')(+/

%#"+ 2+#'D ).&/%: !', 0/&A#,+) ! )%!/%#'D 0&#'% %& %.+ *&'%#'1!%#&' "+%.&,: )++

=EE?4 5.#) B/)% )%1,3 '!%1/!$$3 $+!,) %& %.+ !'!$3)#) &( %#"+6"#'#"!$ 7!/%.68&&'

%/!F+*%&/#+)4 9' !,,#%#&': -+ 0/&0&)+ ! %#"+6"#'#"!$ %/!')(+/ )%/!%+D3 %&-!/,)

%.+ G!D/!'D+ 0&#'% L4: #' &/,+/ %& *&"0!/+: (/&" %.+ %&0&$&D#*!$ 0&#'% &( A#+-:

+;%/+"!$ %/!F+*%&/#+) !))&*#!%+, -#%. ,#H+/+'% %!/D+%)4 I#'!$$3: -+ 0/&*++, %& !

'1"+/#*!$ A+/#B*!%#&' &( %.+ /+$!%#&' &( *&"0!/#)&' 2+%-++' %.+ B/)% *&'F1D!%+

%#"+) #' %.+ '&/"!$ !', !2'&/"!$ *!)+): )++ =EJ?4 4

5.+ (&1/%. )+*%#&' #) ,+A&%+, %& %.+ +'+/D3 "#'#"#<!%#&' &( %.+ 7!/%.68&&'

%/!')(+/4 5.+ 0!/!"+%+/ µ #) )"!$$ !', %.#) /+"!/K -!) 1)+, 23 L&#'*!/M %&

)%1,3 %.+ ,3'!"#*) &( %.+ (/++ "&%#&' ,+)*/#2+, 23

−→
H0: 23 "!K#'D ! ,+(&/"!%#&'

&( %.+ *!)+ µ = 0 -.#*. *&//+)0&',) %& N+0$+/ 0/&2$+" #' /&%!%#'D *&&/,#'!%+):

)++ =JO?4 9')0#/+, 23 %.#) !00/&!*. -+ 0/&0&)+ ! )#"0$+ )&$1%#&' %& %.+ +'+/D36

"#'#"!$ 7!/%.68&&' %/!')(+/ 1)#'D $&- 0/&01$)#&': !(%+/ .!A#'D #'A+)%#D!%+,

%.+ 7!/%.6L1 %/!')(+/ *!)+4

 !"#$%&'() #$*+,-. &/ ,0*&#() ',/*%,)1

 !" #$%&'() *+,%-+) $-+.)/'

G+% M !', U 2+ %-& )"&&%. "!'#(&$,) &( /+)0+*%#A+ ,#"+')#&') n !', m4
P&')#,+/ %.+ *&'%/&$ )3)%+"

q̇(t) = f(q(t), u(t)) QER

-.+/+ f : M × U −→ TM #) )"&&%. !', u #) ! 2&1',+, "+!)1/!2$+ (1'*%#&'
,+B'+, &' [0, t(u)[⊂ R

+
!', A!$1+, #' U 4 G+% M0 !', M1 2+ %-& )12)+%) &( M 4

 !"#$%$&# '()( G+% 2+ q0 ∈M 4 S'+ *!$$)  !"#$% &!' "((&%)" $* +) ,  ,$ %&- !&.

u %.+ )&$1%#&' q(t, q0, u) &( QER )%!/%#'D (/&" q0 !% t = 04 I&/ %.+ )!K+ &(

)#"0$#*#%3: )1*. ! %/!F+*%&/3 *!' 2+ ,+'&%+, q(t)4 @ *&'%/&$ u #) *!$$+, !'

"*/)(()0.$ %&- !&. &- [0, tf ]: -#%. tf < t(u): #( #%) !))&*#!%+, %/!F+*%&/3 )!%#)B+)
q0 ∈M0 !', q(tf ) ∈M14 S'+ ,+'&%+) 23 Utf %.+ )+% &( %.+)+ !,"#))#2$+ *&'%/&$)
!', ,+B'+) %.+ %&( &( q 23

C(tf , u) =

∫ tf

0

f0(q(t), u(t))dt QJR

-.+/+ f0 : M × U −→ R #) )"&&%.4

>T



 !"#$%& '() !*'$+," -!%'.!" *.!/")+ -!%0$0'0 $% 1)').+$%$%& ,% ,1+$00$/")

-!%'.!" u 02-( '(,' C $0 +$%$+$3)14

 !"#$%$&# '('( 5)' /) q0 ∈M ,%1 tf > 64 7()  !"#$%&!' ()$$&!* $0 1)8%)1

/9

Eq0,tf : Utf −→M

u −→ q(q0, tf , u).
:;<

=> Utf $0 )%1!?)1 ?$'( '() L∞ '!*!"!&9 '()% '() )%1@*!$%' +,**$%& $0 0+!!'(4

5)' 20 .)+,.A '(,'B >!. )#).9 ǫ > 0B ,% ,1+$00$/") -!%'.!" u -,% /) 0+!!'("9

)C')%1)1 '! [0, tf + ǫ]B *.!#$1)1 '() -!%'.!" $0 ")>' -!%'$%2!20 ,' tf 4

 !"#$%$&# '()( D!%0$1). '?! 1$0'$%-' -,0)04

E => '() 8%," '$+) $0 8C)1B q $0 0,$1 '! /) +%,)++- %$'&()+ $% L∞ '!*!"!&9 $>

$' $0 !*'$+," $% , %)$&(/!.(!!1 !> u $% L∞ '!*!"!&94

E => '() 8%," '$+) $0 %!' 8C)1 ,%1 '() -!%'.!" $0 ")>' -!%'$%2!20 ,' tf B q(.) $0
0,$1 '! /) +%,)++- %$'&()+ $% L∞ '!*!"!&9 $> >!. ),-( %)$&(/!.(!!1 V !> u
$% L∞([0, tf+ǫ], U)B >!. ),-( η 02-( '(,' |η| ≤ ǫ ,%1 >!. ),-( -!%'.!" v ∈ V
?($-( 0,'$08)0 E(q0, tf + η, v) = E(q0, tf , u) '()% C(tf + η, v) ≥ C(tf , u)4

 ! "#$ %&'()*+,-'./ 0+1-232 %)-'4-56$

D!%0$1). '() -!%'.!" 090')+ :F< ,%1 '() -!0' :G<4 7() H!%'.9,&$%I0 J,C$+2+

H.$%-$*") KGLM ,00).'0 '(,' $> '() -!%'.!" u ∈ Utf $0 !*'$+," '()% '().) )C$0'0 p0

, %!%*!0$'$#) .)," ,%1 p ,% ,/0!"2')"9 -!%'$%2!20 +,**$%& !% [0, tf ] 02-( '(,'

p(t) ∈ T ∗q(t)M B (p0, p) 6= (0, 0) ,%1B ,"+!0' )#).9?().) !% [0, tf ]B '().) (!"10

q̇ =
∂H

∂p
(q, p, p0, u), ṗ = −

∂H

∂q
(q, p, p0, u), :N<

?().) O $0 1)8%)1 /9

H : T ∗M × R
∗
− × U −→ R

(q, p, p0, u) −→ p0f0(q, u)+ < p, f(q, u) > .

J!.)!#).B '() !*'$+," -!%'.!" 0,'$08)0 '() +,C$+$3,'$!% -!%1$'$!%

H(q(t), p(t), p0, u(t)) = max
v∈U

H(q(t), p(t), p0, v) :L<

,"+!0' )#).9?().) !% [0, tf ]4 => tf $0 %!' 8C)1B '().) (!"10

max
v∈U

H(q(t), p(t), p0, v) = 0

>!. )#).9 t ∈ [0, tf ]4 P$%,""9B $> M0 :.)0*4 M1< $0 , .)&2",. 02/+,%$>!"1 !> M B

'() '.,%0#).0,"$'9 -!%1$'$!% $0 0,'$08)1

p(0) ⊥ Tq(0)M0 (.)0*4 p(tf ) ⊥ Tq(tf )M1).

 !"#$%$&# '(*( Q%) -,""0 $. /"%#0)(&+'%!&)! '() +,**$%& H ,%1 ,%.')' '()

>2%-'$!% p4 R 0!"2'$!% (q, p, p0, u) !> )S2,'$!%0 :N< ,%1 :L< $0 -,"")1 ,% )C'.)+,"4

=> p0 = 0B ,% )C'.)+," $0 0,$1 '! /) )1!%2()+4 Q'().?$0) $' $0 0,$1 '! /) !%2()+4

TU



 !"#$ %&$ '()*!" U !+ * )*"!,(-'. /$+%/!#%!"0 %( * #&*/% 1$ )*2 *++3)$ %&*%.

-(#*--2. U = R
m
*"' %&$ )*4!)!5*%!(" #("'!%!(" -$*'+ %(

∂H
∂u

= 06 748/$++ %&$
,(--(1!"0 *++3)8%!("6

(L) 9 %/("0 :$0$"'/$ #("'!%!("; <&$ =3*'/*%!# ,(/) ∂2H
∂u2 !+ "$0*%!>$ '$?"!%$

*-("0 %&$ /$,$/$"#$ $4%/$)*-6

@/() %&$ !)8-!#!% ,3"#%!(" %&$(/$). ("$ '$'3#$+ %&*% $4%/$)*- #("%/(-+ */$

+)((%& ,3"#%!("+ ur(t) = ur(q(t), p(t)) !" * "$!0&A(/&((' (, u6

 !"#$%$&# '()( B"$ '$?"$+ %&$  !"# $%&'( )*'%*. '$"(%$' Hr. A2

Hr(q, p) = H(q, p, ur(q, p)).

<&$" *"2 $4%/$)*- !+ +(-3%!(" (, %&$ C*)!-%("!*" +2+%$)

q̇ =
∂Hr

∂p
(q, p), ṗ = −

∂Hr

∂q
(q, p). 9D;

E$"(%!"0 z = (q, p). %&!+ +2+%$) 1/!%$+

ż =
−→
Hr(z(t)). 9F;

 !" #$%&'( &)($) &*+,-./,+0 %&'(,+,&'

:$% 3+ A/!$G2 8/$+$"% %&$ #("#$8% (, 0$()$%/!# #("H30*%$ %!)$ 1&!#& !+ /$-*%$'

%( * +$#("' (/'$/ (8%!)*-!%2 #("'!%!(". +$$ IJK ,(/ %&$ '$%*!-+6 L("+!'$/ * +)((%&

)*"!,(-' M (, '!)$"+!(" n *"' '$"(%$ Πq : T ∗M −→ M %&$ +%*"'*/' 8/(H$#M

%!(" ,/() %&$ #(%*"0$"% A3"'-$ T ∗M (" M 6 :$%

→
H A$ *" C*)!-%("!*" >$#%(/

?$-' (" T ∗M *"' z(t) = (q(t), p(t)) * %/*H$#%(/2 (,

→
H '$?"$' (" [0, tf ] +( %&*%

%&$/$ &(-'+ ż(t) =
→
H (z(t)) ,(/ $*#& t ∈ [0, tf ]6

 !"#$%$&# '(*( <&$ >*/!*%!("*- $=3*%!(" (" [0, tf ]

δż(t) = d
→
H (z(t)).δz(t) 9J;

!+ #*--$' %&$ +%,)-' #."% ')* *-("0 z(.)6 B"$ #*--+ * +%,)-' /#(0 * "("%/!>!*-

+(-3%!(" J(t) (, %&$ N*#(A! $=3*%!(" *-("0 z(.) *"' !% !+ +*!' %( A$ 1#! ',%( *%

%&$ %!)$ t !, 'Πq(z(t)).J(t) = 06 O %!)$ tc !+ +*!' %( A$ 2#)&# !',%((3 ,)*4"2% #

!, %&$/$ $4!+%+ * N*#(A! ?$-' >$/%!#*- *% 0 *"' tc6 P" 1&!#& #*+$. q(tc) !+ +*!' %(

A$ ,)*4"2% # %( q(0)6

:$% 3+ 8(!"% (3% %&*%. !" -(#*- #((/'!"*%$+. ("$ #*" 1/!%$ * N*#(A! ?$-'

J(t) = (δq(t), δp(t))6 <&$" J !+ >$/%!#*- *% %&$ %!)$ t 1&$"$>$/ δq(t) = 06 Q&$"

%&$ ?"*- %*/0$% !+ * /$03-*/ +3A)*"!,(-' M1 ⊂M . %&$ "(%!(" (, #("H30*%$ %!)$

!+ 0$"$/*-!5$' *+ ,(--(1+6

 !"#$%$&# '(+( E$"(%$ M⊥
1 = {(q, p). q ∈ M1, p ⊥ TqM1}6 <&$" * %!)$

tfoc ∈ [0, T ] !+ +*!' %( A$ * 5),%(  '&# !, %&$/$ $4!+%+ * N*#(A! ?$-' J = (δq, δp)
+3#& %&*% δq(tfoc) = 0 *"' J(tfoc) !+ %*"0$"% %( M⊥

1 6

 !"#$%$&# '(,( :$% A$ z0 ∈ T ∗M 6 @(/ $*#& t ∈ [0, tf ]. ("$ '$?"$+ %&$ #67)8

*#* '%( &%77'*2 A2

expt : z0 −→ Πq(z(t, z0))

1&$/$ z(t, z0) !+ %&$ %/*H$#%(/2 (,

→
H +*%!+,2!"0 z(0, z0) = z06

RF



 !"#$ %&'(% '&&)*"#(+,! (#* !,++"#$ z0 = (q0, p0) ∈ T ∗M - &#, '(# .)"+,

z(t, q0, p0) = (q(t, q0, p0), p(t, q0, p0))/ 0,++"#$ q0 ∈ M (! +1, "#"+"(% '&#*"+"&#-

+1, ,23&#,#+"(% 4(33"#$ .)"+,! expq0,t(p0) = q(t, q0, p0)/ 5,+ expt(
→
H ) 6, +1,

7&. &8

→
H / 91, 8&%%&."#$ 3)&3&!"+"&# ),!:%+! 8)&4 ( $,&4,+)"'(% "#+,)3),+(+"&#

&8 +1, ;('&6" ,<:(+"&#/

 !"#"$%&%"' ()*)  !" #! q0 ∈M $ L0 = T ∗q0M %&' Lt = expt(
→
H )(L0)( )*!& Lt

+, %  %-.%&-+%& ,/#0%&+123' 21 T ∗M 4*2,! "%&-!&" ,5%6! +, ,5%&&!' #7 8%62#+

9!3', ,"%."+&- 1.20 L0( :2.!2;!. q(tc) +, -!20!".+6%337 62&</-%"! "2 q0 +1 %&'
2&37 +1 expq0,tc +, &2" %& +00!.,+2& %" p0(

91, 8&%%&."#$ 3)&3&!"+"&#- !,, =>?@- ."%% 6, :!,* +& 8&)4:%(+, +1, ),%,A(#+

$,#,)"' (!!:43+"&#!/

 !"#"$%&%"' ()() =& !>".!0%3 62&".23 +, % ,+&-/3%.+"7 21 "*! !&'?52+&" 0%5?

5+&- 4*!& "*! ,!" 21 %'0+,,+#3! 62&".23, U +, !&'24!' 4+"* "*! L∞?"25232-7(
:2.!2;!.$ "*! %'<2+&" ;!6"2. p(t) +, 2."*2-2&%3 "2 "*! +0%-! 21 DuEq0,t(

91, 8&%%&."#$ (!!:43+"&#! "! #,,*,* +& *,)"A, !,'&#* &)*,) &3+"4(%"+B '&#C

*"+"&#! "# +1, #&)4(% '(!,/

(S) D0+)&#$ ),$:%()"+BE F# ,A,)B !:6"#+,)A(% &8 [0, tf ]- +1, '&#+)&% u "! &8
'&)(#G >/

H! ( ),!:%+- &#, '(# ,#:#'"(+, +1, 8&%%&."#$ '):'"(% +1,&),4 .1"'1 '&##,'+!

+1, #&+"&# &8 '&#I:$(+, +"4, (#* +1, %&'(% &3+"4(%"+B &8 ,2+),4(%!- !,, =>- >J- JK@/

+,-"!-. ()*)  !" t1c #! "*! 9.," 62&</-%"! "+0! %32&- z( @&'!. 5.!;+2/, %,?
,/05"+2&,$ "*! ".%<!6"2.7 q(.) +, 326%337 25"+0%3 2& [0, t1c) +& L∞ "25232-7A +1

t > t1c "*!& q(.) +, &2" 326%337 25"+0%3 2& [0, t](

 !" #$%&'( )*++,$-. %(,*+/

L, 3),A"&:!%B !+(+,* +1(+ +1, 4(2"4"M(+"&# (#* !+)&#$ 5,$,#*), '&#*"+"&#! ,#C

(6%, +& .)"+, %&'(%%B (#B ,2+),4(% '&#+)&% (! ur(t) = ur(q(t), p(t))- +1, ,2+),4(%

!B!+,4 6,'&4"#$ ż =
−→
Hr(z(t)) .1,), z = (q, p)/ N23),!!"#$ 6&:#*()B (#*

+)(#!A,)!(%"+B '&#*"+"&#! 6B R(z(0), z(tf )) = 0- +1, 6&:#*()B A(%:,! 3)&6%,4
6,'&4,!

{
ż =

−→
Hr(z(t))

R(z(0), z(tf )) = 0/
DOE

91, "#"+"(% '&#*"+"&# q0 "! P2,* .1"'1 %,(*! +& +1, 8&%%&."#$ *,P#"+"&#/

/-0'%&%"' ()1) H!!:4, +1(+ +1, +)(#!8,) +"4, tf "! P2,*/ F#, '(%%! ,*22"+&-
1/&6"+2& +1, 4(33"#$ E *,P#,* 6B

E : p0 −→ R(z0, ztf ).

Q+ "! "43&)+(#+ +& #&+"', +1(+ .1,#,A,) &#, '&#!"*,)! (# &3+"4(% '&#+)&%

3)&6%,4 ."+1 ( #&#CP2,* +)(#!8,) +"4,- +1, '&)),!3&#*"#$ !1&&+"#$ 8:#'+"&#

(33%",! &# (tf , p0)/ R&),&A,)- +1, '&#*"+"&# Hr = 0 8)&4 +1, 4(2"4:4 3)"#'"3%,
3)&A"*,! &#, (**"+"&#(% ,<:(+"&#/

S,#', !&%A"#$ +1, 6&:#*()B A(%:,! !B!+,4 "! ,<:"A(%,#+ +& P#*"#$ ( M,)& &8 E-
+1(+ "! +& !(B !&%A"#$ +1, !&C'(%%,* ,*22"+&- !B/%"+2&/ 0"#', ur(q, p) "! !4&&+1-

OK



E  ! !"##$% &'( !)*% & +,-# *&' ., /#)'( )! '0 & 1,2$#' $34, &50#- $%"6

4-#7 ( '0 $%&$ #', %&! & 4-,* !,  ' $ &5 0),!! #/  $8 9%, *#'$ ')&$ #' ",$%#(  !

&44-#4- &$, $# #7,-*#", $% ! ( :*)5$38

 !" #$%%&' (%)&*)+,&*%) $-&'%.

; $%#)$ 5#!! #/ 0,',-&5 $36 #', *&' &!!)", $%&$ $%, <'&5 $ ", tf  ! <=,( &'(

$%, <'&5 *#'( $ #'  ! 2- $$,' qf = q16 $%, /#55#2 '0 -,!)5$! ., '0 &(&4$&.5,

$# #$%,- *&!,!8 9%, !"##$% *#'$ ')&$ #' ",$%#( *#'! !$!  ' *#'! (,- '0 $%,

-,()*,( >&" 5$#' &' Hr &! $%, ,5,",'$ H1 #/ & /&" 53 (Hλ)λ∈[0,1] #/ !"##$%

>&" 5$#' &'!8 ?', $%)! .) 5(! )4 & #',@4&-&",$,- /&" 53 #/ !%##$ '0 /)'*$ #'!

Eλ(p0) = expλq0,tf (p0)− q1

A#'! (,- '0 $%, '#-"&5 *&!,6 $%, /#55#2 '0 $%,#-,"  ! (,()*,( /-#" $%,  "45 * $

/)'*$ #' $%,#-,"6 !,, BCDE8

 !"#$"% &'&'  !" #$%& λ '&# #()!*#*'+$, -$))+*. expλq0 +/ !0 -$(+-$, "$*1

+0 $*2 !*,3 +0 '&# )!+*' q1 = expλq0,tf (p(0)) +/ *!*4%!*56.$'# '! q07 8!"#!9#":
/!,6'+!*/ !0 '&# )$"$-#'"+;#2 /&!!'+*. #<6$'+!* %!*'$+* $ /-!!'& %6"9#: =&+%&

%$* ># )$"$-#'"+;#2 >3 λ $*2 '&# 2#"+9$'+9# E
′

λ %$* ># %!-)6'#2 +*'#."$'+*. '&#

?$%!>+ #<6$'+!*7

F#- "#-, (,$& 5!6  ' 4&$ *)5&- &.#)$ 0,#",$- * *#'! (,-&$ #'! -,5&$ 7, $# $% !

$%,#-,"6 #', *&' -,/,- $# BGHE8 9%, !*%,", #/ $%, !"##$% *#'$ ')&$ #' ",$%#(

$# *#"4)$, !#5)$ #'! #/ $%, !%##$ '0 ,I)&$ #'  ! $%, /#55#2 '0 J

C8 ?', (,$,-" ',! $%, !$&-$ '0 4# '$ p0 #/ $%, *#'$ ')&$ #' ",$%#( )! '0 &

! "45, !%##$ '08 K,$$ '0 λ = 06 #', *#"4)$,! $%, ,=$-,"&5 z(t) #' [0, tf ]
!$&-$ '0 /-#" (q0, p0)8

G8 ?', *%##!,! & ( !*-,$ +&$ #' H λ06 λ168 8 8 6 λN C !)*% $%&$ $%, !%##$ '0

/)'*$ #'  ! !#57,(  $,-&$ 7,53 &$ λi+1 /-#" λi8

L8 ?', .) 5(! )4 $%, <' $, !,I),'*, p068 8 8 6 pN 2 $% +,-#! #/ !%##$ '0 /)'*@

$ #'! Eλ0
68 8 8 6 EλN

8

F-#" $%,#-," G8G6 & *-)* &5 4# '$ $# 0)&-&'$,, $%, *#'7,-0,'*, #/ $%, !"##$%

*#'$ ')&$ #' ",$%#(  ! $# *%,*M $%, 5&*M #/ *#'N)0&$, 4# '$! &5#'0 ,&*% ,=$-,"&5

zλ #' [0, tf ]6 2% *% ")!$ .,  $,-&$ 7,53 4,-/#-",(8

 !/ 0+$-1*( $-&'%.2

9%,3 &-,  "45,",'$,(  ' $%, A?9A?9 OA#'( $ #'! #/ ?-(,- 92#6 A?'N)0&$,

9 ",!P 2%#!, & "  ! $# 4-#7 (, $%, ')",- *&5 $##5 J

• $#  '$,0-&$, $%, !"##$% >&" 5$#' &' 7,*$#- <,5(

−→
Hn6

• $# !#57, $%, &!!#* &$,( !%##$ '0 ,I)&$ #'6

• $# *#"4)$, $%, *#--,!4#'( '0 Q&*#. <,5(! &5#'0 $%, ,=$-,"&5!6

• $# ,7&5)&$, $%, -,!)5$ '0 *#'N)0&$, 4# '$!8

RR



 !" #$%" &' ()&**"+ &+ ,$)*)-+ .-+/0-/"1 (!&." -0*$2-*&# %&3")"+*&-*&$+ 4)$5

6&%"% 78 *!" '$9*(-)"  !"#$% :;< &' 0'"% *$ /"+")-*" *!" =-2&.*$+&-+ %&3")"+*&-.

">0-*&$+ -+% *!" 6-)&-*&$+-. $+"? ,$) *!" 0'")' *!" .-+/0-/" &' @-*.-71 '"" :A< 9$)

- 4)"#&'" %"'#)&4*&$+ $9 *!" B$*#$* #$%"1 (&*! *!" 0+%").8&+/ -./$)&*!2'C &'()"*

D0+/"5E0**- $+"5'*"4 FGH &+*"/)-*$) :IA<1 &'()"*  !"#$ J"(*$+ '$.6")?  !"

#$+K0/-*" 4$&+* *"'* #$+'&'*' &+ #!"#L&+/ - )-+L #$+%&*&$+ (!&#! &' 7-'"% $+ *($

2"*!$%'C "6-.0-*&+/ M")$' $9 - %"*")2&+-+* $) - NOG P N&+/0.-) O-.0" G"#$25

4$'&*&$+Q?  !" #$+*&+0-*&$+ 2"*!$% (&.. 7" &+#.0%"% &+ *!" #$%" (!&#! #-+ 7"

- '&24." %&'#)"*&M-*&$+ $9 *!" !$2$*$48 4-*!1 (&*! - J"(*$+ 2"*!$% -* "-#!

'*"4 $) - +02")&# #$+*&+0-*&$+ $9 *!" 4-*!1 0'&+/ *!" &24.&#&* FGH1 (!")" *!"

J"(*$+ 2"*!$% &' 0'"% $+.8 -* *!" R)'* '*"4 *$ &+&*&-.&M" *!" #$+*&+0-*&$+ -+%

-* *!" R+-. '*"41 *$ '$.6" *!" R+-. '!$$*&+/ ">0-*&$+ (&*! -)7&*)-)8 -##0)-#8?

 !"# $#%&$'(&#)  *+,)- .$,+/#0

 !" #$% &'(&)*+( (%,-('&-%.  /01.2 3(10*%4 '5 6+&10' &1/

1(.'5+-%,

D"#-.. *!" 9$..$(&+/ )"4)"'"+*-*&$+ $9 *!" H-)*!5@$$+ 4)$7."21 '"" :IS1 TU<? V+

*!" )$*-*&+/ 9)-2"1 *!" H-)*! (!&#! &' *!" 7&//"'* 4)&2-)8 4.-+"* (&*! 2-''

1− µ &' .$#-*"% -* (−µ, 0) (!&." *!" @$$+ (&*! 2-'' µ1 &' .$#-*"% -* (1− µ, 0)
(&*! *!" '2-.. 4-)-2"*") µ ≃ 0.012153? W" +$*" z = x+ iy *!" 4$'&*&$+ $9 *!"
'4-#"#)-9* -+% ̺11 ̺2 -)" *!" %&'*-+#"' *$ *!" 4)&2-)&"'

̺1 =
√(

(x+ µ)2 + y2
)
, ̺2 =

√(
(x− 1 + µ)2 + y2

)
.

 !" ">0-*&$+ $9 2$*&$+ *-L"' *!" 9$)2

z̈ + 2iż − z = −(1− µ)
z + µ

̺31
− µ

z − 1 + µ

̺32
PXUQ

(!&#! #-+ 7" ()&**"+ {
ẍ− 2ẏ − x = ∂V

∂x

ÿ + 2ẋ− y = ∂V
∂y

PXXQ

(!")" −V &' *!" 4$*"+*&-. $9 *!" '8'*"2 %"R+"% 78 V = 1−µ

̺3

1

+ µ

̺3

2

?  !" '8'*"2

#-+ 7" ()&**"+ 0'&+/ =-2&.*$+&-+ 9$)2-.&'2 '"**&+/

q1 = x1 q2 = y1 p1 = ẋ− y1 p2 = ẏ + x

-+% *!" =-2&.*$+&-+ %"'#)&7&+/ *!" 2$*&$+ *-L"' *!" 9$)2

H0(q1, q2, p1, p2) =
1

2
(p21 + p22) + p1q2 − p2q1 −

1− µ

̺1
−

µ

̺2
.

 !7 89)'*'0(')4 31'5-,

 !" ">0&.&7)&02 4$&+*' $9 *!" 4)$7."2 -)" (".. L+$(+?  !"8 '4.&* &+ *($ %&3")"+*

*84"' C

XUU



 !"#$% &' ()% $*+,+!-" .**$/!-,+%0 010+%2 (x, y) $%3,+!4%31 +* +)% !-%$+!,3 .**$5
/!-,+%0 (X,Y )6

7  !"#$ %&'()*6 ()%1 ,$% +)% .*33!-%,$ 8*!-+0 /%-*+%/ L19 L2 ,-/ L3 3*.,+%/

*- +)% 3!-% y = 0 /%:-%/ ;1 +)% 8$!2,$!%06  *$ +)% <,$+)5=**- 8$*;3%2
+)%1 ,$% "!4%- ;1

x1 ≃ 0.83699 x2 ≃ 1.15579 x3 ≃ −1.0051.

7 +,-$,(-# %&'()*6 ()% +>* 8*!-+0 L4 ,-/ L5 ?*$2 >!+) +)% +>* 8$!2,$!%0

,- %@#!3,+%$,3 +$!,-"3%6

A*2% !28*$+,-+ !-?*$2,+!*-0 ,;*#+ 0+,;!3!+1 *? +)% %@#!3!;$!#2 8*!-+0 ,$% 8$*5

4!/%/ ;1 +)% %!"%-4,3#%0 *? +)% 3!-%,$!B%/ 010+%26 ()% 3!-%,$!B%/ 2,+$!C %4,35

#,+%/ ,+ 8*!-+0 L19 L2 *$ L3 ,/2!+0 +>* $%,3 %!"%-4,3#%09 *-% ;%!-" 0+$!.+31

8*0!+!4% ,-/ +>* !2,"!-,$1 *-%06 ()% .*33!-%,$ 8*!-+0 ,$% .*-0%@#%-+31 -*- 0+,5

;3%6 D- 8,$+!.#3,$9 +)% %!"%-4,3#%0 *? +)% 3!-%,$!B%/ 2,+$!C %4,3#,+%/ ,+ L1 >!+)

µ = 0.012153 ,$% ±2.931837 ,-/ ±2.334248i6 E)%- !+ !0 %4,3#,+%/ ,+ L4 *$ L59

+)% 3!-%,$!B%/ 2,+$!C ),0 +>* !2,"!-,$1 %!"%-4,3#%0 >)%- µ < µ1 = 1
2 (1−

√
69
9 )6

A* !- +)% <,$+)5=**- 010+%29 +)% 8*!-+0 L4 ,-/ L5 ,$% 0+,;3%9 ,..*$/!-" +* +)%

F$-*3/G0 0+,;!3!+1 +)%*$%2 HIJ 0!-.% µ < µ16

 ! "#$ %&'()&* +,+($-

())% .*-+$*3 010+%2 !- +)% $*+,+!-" ?$,2% !0 /%/#.%/ ?$*2 +)% 8$%4!*#0 2*/%3

,-/ .,- ;% >$!++%- #0!-" +)% K,2!3+*-!,- ?*$2,3!02

ż =
→
H 0(z) + u1

→
H 1(z) + u2

→
H 2(z)

>)%$%

→
H 0 !0 +)% ?$%% 2*+!*- ,-/

→
H 19

→
H 2 ,$% +)% K,2!3+*-!,- 4%.+*$ :%3/0

.*$$%08*-/!-" +* +)% ?#-.+!*-0 Hi = −qi ?*$ i = &9 L6 F0 ?*$ +)% M%83%$ 8$*;3%29

0%% H&NJ9 +)% 08,.%.$,?+ 2,00 4,$!,+!*- 2,1 ;% 2*/%33%/ /!4!/!-" ui ;1 m(t) ,-/

&O&



 !"#$%&'$"( )*& &+,-)$!" ṁ = −δ|u|. /*$# 0$11 "!) 2& )-3&" $")! -  !,") -"%

0& 0$11 4! ,# !" 2!)* )$5&65$"$5-1 )'-"#4&' 7'!21&5

min
u(.)∈B

R2
(0,ǫ)

∫ tf

t0

dt 89:;

0*&'& ǫ $# )*& 5-<$5,5 )*',#) -11!0&% 2= #7- & '-4)># &"($"&# -"% &"&'(=6

5$"$5-1 )'-"#4&' 7'!21&5

min
u(.)∈R2

∫ tf

t0

u2
1 + u2

2dt

0*&" )*& )'-"#4&' )$5& tf $# ?<&% -"% )*&  !"#)'-$") !" )*&  !")'!1 2!,"%

$# '&1-<&%. /*& ?'#) 7'!21&5 0$11 7'!@$%& -" &#)$5-)$!" !4 )*& A-')*6B!!"

)'-"#4&' )$5& 0*&" 1!0 )*',#) $# ,#&%. /*& &"&'(= 5$"$5$C-)$!" 7'!21&5 0$11

($@& - #)-')$"( 7!$") $" !'%&' )! 7&'4!'5 - *!5!)!7= 5&)*!% '&1-)$"( )*& ?"-1

#7- & '-4) 5-## 5-<$5$C-)$!" 7'!21&5 -"% )*& &"&'(= 5$"$5$C-)$!" 7'!21&5

min
u(.)

∫ tf

0

(λ|u|2 + (1− λ)|u|)dtD λ ∈ [0, 1].

 !"#$%#"&"#'( )*'&+,$*+ "& )-$ .'*)-%/00& +1+%

)$#

 !" #$%&'( )'*+

 !"!" #$%$&'()*)$+ ,% *-$ %,&.'( /'+$

E&) ,# '& -11 4,"%-5&")-1 '&#,1)# -2!,) )$5&65$"$5-1  !")'!1 7'!21&5#. F!"6

#$%&' - 2$6$"7,)  !")'!1 #=#)&5 !" R
n

q̇ = F0(q) + ǫ
2∑

i=1

uiFi(q), ǫ > 0, u2
1 + u2

2 ≤ 1 89G;

-"% )*& )$5&65$"$5-1 7'!21&5

min
u(.)∈B

R2
(0,1)

∫ tf

t0

dt.

/*&" )*& 7#&,%!6H-5$1)!"$-" 4'!5 )*& 5-<$5,5 7'$" $71& $#

H(z, u) = p0 +H0(z) + ǫ(u1H1(z) + u2H2(z))

0*&'& z = (q, p) ∈ T ∗Rn
-"%

Hi(z) =< p, Fi(q) >, i = 0, . . . , 2.

/*& 5-<$5$C-)$!"  !"%$)$!" $571$&# )*-) 0*&" (H1, H2) 6= (0, 0)D )*&  !")'!1 u
$# ($@&" 2=

ui =
Hi√

H2
1 +H2

2

, i = 1, 2.

I" )*& "!'5-1  -#& p0 6= 0D !"&  -" "!'5-1$C& p0 )! 69 -"% #!

Hr(z) = −1 +H0(z) + ǫ
√
(H2

1 (z) +H2
2 (z)).

J$" & )*& )'-"#4&' )$5& $# "!) ?<&%D Hr $# $%&")$ -11= C&'! !" [0, tf ].

9K:



 !"#$%$&# '()(  !" #$%%&  !"#$%"&'  ()*+$,  !" #" 

Σ = {z ∈ T ∗Rn, H1(z) = H2(z) = 0}$

%&" '())#  !"#$ !% !&'(& ) (& ")"*"& z ∈ T ∗Rn\Σ (&+  !"#$ !% !&'(& * (&

")"*"& z ∈ Σ #,'!  !( (Ḣ1(z), Ḣ2(z)) 6= 0$

-& .(/ 0',)(/1 (& "2 /"*() '3& /3) 4")3&5#  3  !" ,&0 '0/')" S
1

3, #0+"  !"

#60 '!0&5 #,/7('"$ 83&#0+"/  !" #."'09' '(#" q ∈ R
4
$ :&+"/ #."'09' '3&+0 03&#1

6" !(;"  !" 73))360&5 /"#,) 1 #"" <=> 73/  !" '3*.)" " ./337$

 !"#"$%&%"' ()*) +$ ,  !"#$ !% !&'(& *- $.( /!#$&!0 u "#1$,#$,#(!2103 &!$,$(1

!% ,# ,#40( π 0$"$ u(t+) = −u(t−)5

?!" 73))360&5 ./3.3#0 03& 0# ( '3/3))(/@ 37  !" (43;" /"#,) $

 !"#"$%&%"' ()+) 6,/. #!&7,0 $"7(87"#"7,0 $&,9(/$!&3 "1 , /!#/,$(#,$"!# !%

, :#"$( #27;(& !% ,&/1 !% !&'(& ) <"$. π81"#420,&"$"(1 ,$ 92#/$"!#  !"#$15

A# 6" 60)) #"" 0&  !" #"' 03& B$C$D1  !" #"'3&+ 3/+"/ #@# "* 37 '3& /3))"+

"E,( 03&# 37 *3 03& 0&  !" '0/',)(/ DF43+@ ./34)"* '(& 4" "2./"##"+ (# ( 40F

0&., #@# "* 0& R
4

60 !

F1 =
∂

∂q3
, F2 =

∂

∂q4
.

83&+0 03&# 37  !" ./3.3#0 03& B$G (/" '3&#"E,"& )@ 7,)9))"+1 #"" <=>1  !( ())36#

 3 ,#" ( '3& 0&,( 03& *" !3+ 3&  !" '3& /3) 43,&+  3 '3*., "  0*"F*0&0*()

H(/ !FI33&  /(J"' 3/0"#$

()*)+ ,"'&%'-.&%"' /0&1"2 "' &10 3"'&!"4 5"-'2

83&#0+"/0&5 ( 40F0&., '3& /3) #@# "* 3& R
4

#( 0#7@0&5 #3*" /"5,)(/0 @ ./3."/F

 0"#1 ./3.3#0 03& B$G (##"/ #  !(  !" '3& /3) '3//"#.3&+0&5  3 (  0*"F*0&0*()

 /(J"' 3/@ !(# ( '3&# (& &3/* 3, #0+" ( #" 37 *"(#,/" K"/3$ L,'! /"5,)(/F

0 @ ./3."/ 0"# (/" #( 0#9"+ /"5(/+0&5  !" 3/40 ()  /(&#7"/ '3& /3) 0&  !" M".)"/

./34)"*1 J,# 07@0&5  !" &,*"/0'() '3& 0&,( 03& *" !3+ 3&  !" '3& /3) 43,&+1

#"" <CN> (&+ <CO>$ P" # ( ,"+  !(  !" #(*" J,# 09'( 03& !3)+# 0&  !" '(#" 37

 !" /"# /0' "+ DF43+@ ./34)"* (&+ 6" ,#"  !" &,*"/0'() '3& 0&,( 03& *" !3+

 3 '3*., "  0*"F*0&0*() "2 /"*()# 60 ! )36F !/,# $Q@ '!33#0&5  !" .(/(*" "/

ǫ '3//"#.3&+0&5  3 ( )(/5" "&3,5! ;(),"1  !"  0*"  /(&#7"/ 0# #!3/ (&+  !" #0*F

.)" #!33 0&5 *" !3+ +0/"' )@ '3&;"/5"# 3& ( # (/ 0&5 .30& 37  !" '3& 0&,( 03&

*" !3+$ I"& 03&  !( 3,/ &,*"/0'() # ,+@ /"#,) # 0& '3*., 0&5 3&)@ "2 /"*()#

37 3/+"/ R$ 83&#"E,"& )@1  !"  0*" *0&0*() "2 /"*() '3& /3) ;"' 3/# 6" +"F

 "/*0&"+ (/" '3& 0&,3,# ()3&5  !"  /(&#7"/  0*"$ S36";"/1 0 0# ')"(/  !(  !"

#0*.)" #!33 0&5 (&+  !" '3& 0&,( 03& *" !3+ '(& 4" ."/73/*"+ 60 ! "2 /"*()#

37 3/+"/ 3&"1 ./3;0+0&5  !" ,#" 37 (& (+(. 0;" 0& "5/( 03& # ".$ A# ( ./")0*0&(/@

# ,+@1 6" 60)) 73',# 3&  !" H(/ !FL1  /(&#7"/ 6!0'! 0# ( 533+ /"./"#"& ( 03& 37

 !" 9/# .!(#" 37  !" H(/ !FI33&  /(&#7"/$ Q@ #0*.)07@0&5  !" 9&() '3&+0 03&1

6" *(T"  !" #0*.)" #!33 0&5 (&+  !" &,*"/0'() '3& 0&,( 03& "(#0"/$ L3 6" '3*F

., " *3/" ./"'0#" (../320*( 03&# 37  0*"F*0&0*() "2 /"*()# 37  !" H(/ !FI33&

 /(&#7"/$

CRD



 !"!# $%&'(&%)%&*+ ,*-./(L1 .-*)01'-

 !" ǫ# $!%&"'%( q = (q1, q2, q3, q4) = (x, y, ẋ, ẏ)) !*+,"'&%- &. /&"'&% '% "0!

1&","'%( .1,/! 2334 5!6&/!

q̇ = F0(q) + ǫ(F1(q)u1 + F2(q)u2)) u2
1 + u2

2 ≤ 1 2374

80!1!

F0(q) =




q3
q4

2q4 + q1 − (1− µ) q1+µ

((q1+µ)2+q2
2
)
3

2

− µ q1−1+µ

((q1−1+µ)2+q2
2
)
3

2

−2q3 + q2 − (1− µ) q2

((q1+µ)2+q2
2
)
3

2

− µ q2

((q1−1+µ)2+q2
2
)
3

2




,

F1(q) =




0
0
1
0


 , F2(q) =




0
0
0
1


 .

9! :; µ = 0.012153 80'60 6&11!-<&%=- "& "0! (1,>'","'&%,? 6&%-",%" '% "0!

@,1"0AB&&% -C-"!/# D0&&-'%( "& ,<<1&,60 "0! (!&-","'&%,1C &15'" 5C , 6'16+?,1

&%!) 8! -!" q0 2E#EFGG)E)E)H#IGFH4 ,- "0! '%'"',? 6&%='"'&%#  '%6! "0! ,'/ &. "0!

"1,%-.!1 '- "& 1!,60 "0! <&'%" L1 8'"0 , J!1& >!?&6'"C) 8! :; qf 2E#IKLF)E)E)E4

,- "0! :%,? 6&%='"'&%# M!%6! "0! "'/!A/'%'/,? "1,%-.!1 <1&5?!/ 6,% 5! 81'""!%

(Pǫ)





q̇ = F0(q) + ǫ(F1(q)u1 + F2(q)u2)

minu(.)∈B
R2

(0,1)

∫ tf
t0

dt

q(0) = q0) q(tf ) = qf .

23N4

O0! 6&%='"'&% Hr = 0 .1&/ "0! /,;'/+/ <1'%6'<?! 5!'%( ",P!% '%"& ,66&+%")

"0! 6&11!-<&%='%( -0&&"'%( .+%6"'&% '- ('>!% 5C

S : R+ × R
4 −→ R

5

(tf , p0) −→

(
expq0,tf (p0)− qf

Hr(qf , pf )

)
.

23L4

80!1! expq0,tf '- "0! !;<&%!%"',? /,<<'%( ,--&6',"!= 8'"0 Hr# O0! -<,6!61,."

/,-- '- ,--+/!= "& 5! 6&%-",%" ,%= !*+,? "& KNE P( ,%= "0! <,1,/!"!1 ǫ '-

'%'"',?'J!= "& 3 "0," '- , ?,1(! !%&+(0 >,?+! "& &5",'% "0! 6&%>!1(!%6! &. "0!

-0&&"'%( !*+,"'&%# Q-'%( , -'/<?! -0&&"'%() 8! 6&/<+"! ,% '%'"',? !;"1!/,?

80&-! 6&11!-<&%='%( "1,%-.!1 "'/! tf ,%= '%'"',? 6&-","! p0 ,1! +-!= ,- "0!

-",1"'%( <&'%" &. "0! %+/!1'6,? 6&%"'%+,"'&%# O0! <,1,/!"!1 ǫ '- "0!% 1!=+6!=

+%"'? E#EI# O0!-! %+/!1'6,? >,?+!- 8!1! 60&-!% 1!.!11'%( "& "0! -","+- 1!<&1" &.

@ R 6&%6!1%'%( "0!  BRSOA3 /'--'&%) -!! THL) HGU#

R" !,60 -"!< &. "0! ,?(&1'"0/) "0! :1-" 6&%V+(,"! "'/! t1c ,?&%( "0! !;A

"1!/,? '- 6&/<+"!= '% &1=!1 "& 60!6P "0! %!6!--,1C 6&%='"'&% &. 6&%>!1(!%6!

t1c > tf # O0! %+/!1'6,? "!-" &. 6&%V+(,"! "'/!- ",P!- '%"& ,66&+%" ,% 0&/&A

(!%!'"C <1&<!1"C '% p &. !;"1!/,? 6&%"1&?-) -!! TIU) '%>&?>'%( "0," "0! 1,%P &.

"0! 1!-"1'6"'&% &. Πq "& Lt '- ," /&-" K .&1 !,60 t > 0#  & &%! 6,?6+?,"!- W,6&5'

3E7



ǫ  !"# !"!$

tf #"%&#   "'()) #("&') 

t1c )"*# *  &"  ) #$"( '&

+,-./  0 1234,567628 -/9://8 9;/ 95,87</5 963/ tf ,8= 9;/ >579 ?28@AB,9/

963/ t1c C5/7956?9/= )D-2=E 452-./3 963/ A869F ,.28B 9;/ 963/D36863,. G,59;DL1

/H95/3,. 95,@/?9256/7"

>/.=7 Ji(t) = (δqi(t), δpi(t)) ?255/7428=68B 92 δpi(0) = eiI i = 1 . . . 4 :;/5/ (ei)i
67 9;/ ?,8286?,. -,767 2< R

4
,8= 28/ ?234A9/7 9;/ 5,8J 2< (δq1(t), . . . , δq4(t))

:;6?; 67 ) 2A976=/ , ?28@AB,9/ 963/ ,8= .2:/5 25 /KA,. 92 # ,9 , ?28@AB,9/ 963/"

L6B" # ,8= +,-./  7;2: 9;/ 963/D36863,. G,59;DL1 /H95/3,. 95,@/?9256/7

68 -29; >H/= ,8= 529,968B <5,3/7 <25 ǫ =  I !"# ,8= !"!$ ,8= 9;/ ?234,56728

-/9://8 9;/ 95,87</5 963/ ,8= 9;/ >579 ?28@AB,9/ 963/ ,.28B 9;/7/ 95,@/?9256/7"

M??25=68B 92 9;/ 7/?28= 25=/5 24963,.69E ?28=69628I 9;/ 963/D36863,. G,59;DL1

/H95/3,. 95,@/?9256/7 :/ 45/7/89 ,5/ .2?,..E 24963,." +;/ 5,962 t1c/tf =/?5/,7/7

:69; ǫ" N;/8 ǫ = 1I t1c/tf = 1.5 ,8= :;/8 ǫ = 0.08I t1c/tf = 1.11" N/

2-9,68 , .2:D4524A.7628 95,87</5 963/ <523 9;/ G,59; 92 9;/ 42689 L1 /KA,. 92

#("&') A8697 2< 9;/ 5/7956?9/= )D-2=E 452-./3I 9;,9 ?255/7428=7 92   !"$( =,E7"

O296?/ 9;,9 9;/ /H95/3,. 95,87</57 :/ ?234A9/ ,5/ 7636.,5 92 95,87</57 -/9://8

P/4./56,8 25-697 :;/8 9;/ G,59;Q7 68.A/8?/ 67 45/=2368,89 ,8= =A568B :;6?;

9;/ 4/56?/89/5 ,5BA3/89 67 ?2879,89" LA9;/5325/I <25 68<253,9628 28.EI ./9 A7

3/89628 9;,9 9;67 95,87</5 963/ 67 ,4452H63,9/.E >R/ 963/7 .2:/5 9;,8 9;/ 963/

8//=/= =A568B 9;/ STMU+D 3677628 92 5/,?; 9;/ 8/6B;-25;22= 2< L1"

 !"! #$%&'%$($%)* +),-.'/00( -,)(12&,

V8 9;67 7/?9628I :/ ?2876=/5 9;/ 963/D36863,. 95,87</5 A4 92 9;/ ?65?A.,5 25-69

,52A8= 9;/ T228 OM =/>8/= -E

OM =



(q1, q2, q3, q4) ∈ R

4,
(q1 − 1 + µ)2 + q22 = 0.0017

q23 + q24 = 0.2946
< (q1 − 1 + µ, q2), (q3, q4) >= 0



 .

S/9968B

h : R4 −→ R
3

q −→




(q1 − 1 + µ)2 + q22 − 0.0017
q23 + q24 − 0.2946

〈(q1 − 1 + µ, q2), (q3, q4)〉


 ,

C *F

9;/ 963/D36863,. G,59;DT228 95,87</5 452-./3 :569/7

(P
′

ǫ)





q̇ = F0(q) + ǫ(F1(q)u1 + F2(q)u2)

minu(.)∈B
R2

(0,1)

∫ tf
t0

dt

q(0) = q0I h(q(tf )) = 0"

C $F

+;/ 95,87R/57,.69E ?28=69628 <523 9;/ 3,H63A3 4568?64./ B6R/7 p(tf ) ⊥ Tq(tf )OM "

+;/ 3,4468B h -/68B , 7A-3/57628 ,9 /,?; 42689 2< OM I 9;67 ?28=69628 -/?23/7

 !(





 !" #$%&'%()&'$% )*+$,'&!- '. )//*'"0 (.'%+ &!" .)-" %(-",'#)* 1)*(". &!)%

'% &!" #)." $2 &!" 3),&!4L1 &,)%.2",5 6$7"1", &!" "8&,"-)* &,)9"#&$,: )..$#')&"0

7'&! ǫ = 1 '. #$-/(&"0 (.'%+ ) .'-/*" .!$$&'%+ 2$, 7!'#! (tf , p0) '. '%'&')*';"0
7'&! &!" 1)*(". 0"&",-'%"0 (.'%+ &!" .'-/*" .!$$&'%+ -"&!$0 (/ &$ &!" /$'%&

L15

<'%#" &!" &),+"& '. ) -)%'2$*0 $2 #$0'-"%.'$% $%"= &!" #$%#"/& $2 #$%9(+)&"

&'-" '. ,"/*)#"0 >: &!" #$%#"/& $2 2$#)* &'-"= ."" &!" 0"?%'&'$% @5A5 B& ")#!

.&"/= ) >)#C7),0. '% &'-" '%&"+,)&'$% '. /,$#""0"0 &$ #$-/(&" &!" ?,.& 2$#)*

&'-" t1
 !"

5 D"& (. #$%.'0", &!" &!,""40'-"%.'$%)* 1"#&$, ./)#" ./)%%"0 >: E)#$>'

?"*0. Ji(t) = (δqi, δpi) 2$, i = 1, . . . , 3 .$ &!)& Ji(0) ∈ T(q(tf ),p(tf )O
⊥
M )%0

δpi(0) .)&'.?". &!" %$,-)*';)&'$% #$%0'&'$% < p(tf ), δpi(0) >= 05  !" &'-" t '2
) 2$#)* &'-" '2 &!" ,)%C $2 (δq1(−t), .., δq4(−t)) '. .&,'#&*: *$7", &!)% 35

 !" 3),&!4F$$% "8&,"-)* &,)9"#&$,'". 2$, ǫ G= H5@ )%0 H5HI '% >$&! ,$&)&'%+

)%0 ?8"0 2,)-". )%0 &!" #$-/),'.$%. >"&7""% &!" &,)%.2", &'-" )%0 &!" ?,.& 2$4

#)* &'-" )," ,"/$,&"0 $% J'+5K )%0 $%  )>*" @5  !" #$%&'%()&'$% -"&!$0 /,$1'0".

) ."L("%#" $2 *$#)**: &'-"4-'%'-)* "8&,"-)* &,)9"#&$,'".5 M%" $>.",1". &!)& &!"

,)&'$ t1
 !"

/tf N(#&()&". >"&7""% @5O )%0 K 7!'#! '. !'+!*: .(/",'$, &$ ,)&'$.

#$-/(&"0 '% &!" #)." $2 &!" 3),&!4L1 &,)%.2",5  !" )..$#')&"0 *$74/,$/(*.'$%

&,)%.2", &'-" '. @P5KQAR (%'&. $2 &!" ,".&,'#&"0 K4>$0: /,$>*"- SGGR5AI 0):.T

&!)& '. )>$(& ?1" &'-". *$7", &!)% &!" 0(,)&'$% $2 &!" -'..'$% <-),&4G5 D"& (.

,"-),C &!)&= ). 7" "8/"#&"0= &!" ?,.& /!).". $2 3),&!4F$$% &,)%.2",. )," )#&(4

)**: #$-/),)>*" &$ 3),&!4L1 &,)%.2",.= 0"-$%.&,)&'%+ &!" /$'%& $2 &!" 3),&!4L1

&,)%.2",5

ǫ G H5@ H5HI

tf K5RQAG GG5KQ@ @P5KQAR

t1
 !"

%$ 2$#)* &'-" '% [0, 10tf ] @I5@AII AR5RPH@

 )>*" @U V$-/),'.'$% >"&7""% &!" &,)%.2", &'-" tf )%0 &!" ?,.& 2$#)* &'-"

t1
 !"

S,".&,'#&"0 K4>$0: /,$>*"- &'-" (%'&T )*$%+ &!" &'-"4-'%'-)* 3),&!4F$$%

"8&,"-)* &,)9"#&$,'".5

 !"!# $%&'(&%)%&*+ ,*-./(L4 .-*)01'-!

<'%#" &!'. /,$>*"- #$%.'.&. '% ,")#!'%+ &!" /$'%& L4 7'&! ) ;",$ 1"*$#'&:= $%"

?8". &!" &),+"& qf = (0.4878, 0.8660, 0, 0)5 M&!",7'."= &!" #$,,"./$%0'%+ $/&'-)*
#$%&,$* /,$>*"- )%0 .!$$&'%+ 2(%#&'$% )," &!" .)-" &!)& '% &!" &'-"4-'%'-)*

3),&!4L1 &,)%.2", #)."5  !" #$%&'%()&'$% -"&!$0 7" (." 2$**$7. "8)#&*: &!"

.)-" /,'%#'/*" &!)& &!" $%" 0".#,'>"0 '% &!" ."#&'$% R5G5K5  !" .)-" %(-",'#)*

1)*(". )," "-/*$:"0 )%0 &!" #$%9(+)&" &'-" )," #$-/(&"0 (.'%+ &!" .)-" &".&5

M(, ,".(*&. )," /,"."%&"0 $% R )%0  )>*" K5

 !" "W#'"%#: $2 &!" %(-",'#)* #$%&'%()&'$% $% &!" #$%&,$* >$(%0 ǫ '. 0"-$%4
.&,)&"0 '% &!" #$%&"8& $2 &!" &'-"4-'%'-)* 3),&!4L4 &,)%.2",5 X%0""0= 7" #$-4

/(&" ) 2)-'*: $2 *$#)**: &'-"4-'%'-)* 3),&!4L4 "8&,"-)* &,)9"#&$,'".= /,$1'0'%+

) *$74&!,(.& &,)%.2", .&,)&"+:5 D"& (. %$&'#" &!"," '. %$ #$%9(+)&" /$'%& )*$%+

"8&,"-)* &,)9"#&$,'". )..$#')&"0 7'&! ǫ = 1, 0.2= 7!","). 7" 2$(%0 ) ?,.& #$%4
9(+)&" &'-" &7'#" >'++", &!)% &!" &,)%.2", &'-" 7!"% ǫ = 0.085  !"." "8&,"-)*
&,)9"#&$,'". ),"= 2,$- ) &$/$*$+'#)* /$'%& $2 1'"7= .'-'*), &$ &!" $%". 7" #$-4

/(&"0 '% &!" &'-"4-'%'-)* 3),&!4L1 &,)%.2", #)."5 B /,$+,"..'1" 0"2$,-)&'$%

GHA







 ! "#$ % &'( )  !" #$%&'(!$)%#*!&* +#" ǫ > 0 )', -.' &,#/ "0# 1&2&'3%"  ! "#$

q̇ = F0(q) + ǫ
2∑

i=1

uiFi(q), q ∈ R
n, u2

1 + u2
2 = 1 4567

8&"0 "0# -.//# 3.',&'( 9)$&:".'&)'

H(z) = H0(z) + u1H1(z) + u2H2(z).

; &'( "0# 3)/)$#"/&<)"&.'

u1 = cosα, u2 = sinα,

"0# #=%)"&.' .> $."&.' 1#-.$# 

q̇ = F0(q) + ǫ cosαF1(q) + ǫ sinαF2(q), α ∈ R 45?7

)', -.' &,#/&'( "0# )%($#'"#, @)/&)1:#

q̃ =

(
q
α

)
,

.'# .1")&' "0#  &'(:#2&'3%"  ! "#$

˙̃q = F̃0(q̃) + vF̃1(q̃) 4557

80#/#

F̃0(q̃) =

(
F0(q) + ǫ cosαF1(q) + ǫ sinαF2(q)

0

)
, F̃1(q̃) =

(
0R4

1

)
A v = α̇.

B# 0)@# C

 !"#$"% &'(' +*&,-.%$ /0#$/)%.' !( #"/ '1'#/) (F̃0, F̃1) %&2 #"/ 3!&#$!.

ũ(z̃) = −
{{H

F̃1

, H
F̃0

}, H
F̃0

}

{{H
F̃1

, H
F̃0

}, H
F̃1

}

%$/ #"/ *&#/,$%. 3-$4/' !( % ')!!#" 5%)*.#!&*%& 4/3#!$ 6/.2 H̃r(z̃) !( #"/ 3!&7
'#$%*&/2 '8%3/

H
F̃1

= {H
F̃1

, H
F̃0

} = 0,

9"/$/

H
F̃0

=< p̃, F̃0 >,H
F̃1

=< p̃, F̃1 > .

:"/1 3!$$/'8!&2 #! '*&,-.%$ /0#$/)%.' !( #"/ !$*,*&%. '1'#/);

D0# >.::.8&'( 3/.3. &"&.' (&@# ) '#-#  )/! )',  %E-&#'" -.',&"&.' >./ )

"/)F#-"./! ". 1# :.-)::! .3"&$): &' "0# )1'./$): -) #*

)$#*#+,-,#. &'/' <&2/$ ,/&/$*3 3!&2*#*!&'= %& %>&!$)%. /0#$/)%. *' .!3%..1

#*)/7)*&*)%. -8 #! #"/ 6$'# 3!&?-,%#/ #*)/ t1cc;

D0# -.$3%")"&.' .> t1cc ):.'( )' )1'./$): #G"/#$): ")H# &'". )--.%'" "0#

-.',&"&.' H
F̃0

= 0 )',  . ,&I#/ >/.$ "0# -.$3%")"&.' .> "0# J/ " -.'F%()"#

"&$# t1c )  .-&)"#, 8&"0 "0# './$): -) #* K./# 3/#-& #:!A .'# .1")&' "0# '#G"

/# %:"*

 !"#$"% &'0' @.!&, %& %>&!$)%. /0#$/)%.= #"/$/ "!.2' t0 < t1cc < t1c;

??6



 !"!" #$%&'()*+ ,-$./ 01 -2& *340'%*+ )*,&

 ! "#$! % &'(!)#*%+ #++',-)%-#.& ./ -0! -0!.)!( 123 #& -0! *.&-!4- ./ -0! -#(!5

(#&#(%+ 6%)-05L1 -)%&,/!) 7#-0 ǫ = 12 8#),-9 7! ',! -0! ,#(:+! ,0..-#&" (!-0.;
-. <&; % =!). ./ -0! ,0..-#&" /'&*-#.&

S : R+ × R
4 −→ R

5

(tf , p0) −→

(
expq0,tf (p0)− qf

Hr(qf , pf )

)
.

>3?@

70!)! q0 >A2ABCC9A9A9A@9 qf =>A2D?EB9A9A9A@ %&; expq0,tf #, -0! !4:.&!&-#%+ (%:5
:#&" %,,.*#%-!; 7#-0 -0! )!;'*!; F%(#+-.&#%& /).( -0! %G&.)(%+ *%,!

Hr(q, p) = H0(q, p) +
√
(H2

1 (q, p) +H2
2 (q, p)).

 ! -0', *.(:'-! %& %G&.)(%+ 6%)-05L1 !4-)!(%+ -)%H!*-.)I2 J& %**.);%&*!

7#-0 -0! -0!.)!( 12K9 -0#, !4-)!(%+ *.))!,:.&;, -. -0! ,#&"'+%) !4-)!(%+ ./ -0!

,I,-!( (F̃0, F̃1) ;!<&!; GI

F̃0(q̃) =




q3
q4

2q4 + q1 − (1− µ) q1+µ

((q1+µ)2+q2
2
)
3

2

− µ q1−1+µ

((q1−1+µ)2+q2
2
)
3

2

+ cosα

−2q3 + q2 − (1− µ) q2

((q1+µ)2+q2
2
)
3

2

− µ q2

((q1−1+µ)2+q2
2
)
3

2

+ sinα

0




,

%&;

F̃1(q̃) =




0
0
0
0
1




.

70.,! -0! :).H!*-#.& .& -0! :0%,! ,:%*! ./ -0! #&#-#%+ *.&;#-#.& #, "#$!& GI

q̃0 = (q0, α0) 70!)! α0 ,%-#,<!,

u1(t0) = cosα0, u2(t0) = sinα0.

L!,#;!,9 -0! *.&,-)%#&- H
F̃1

= 0 #&$.+$!, pα = 02 M.&,!N'!&-+I9 -0! %'"(!&-!;
#&#-#%+ *.,-%-! #, "#$!& GI p̃0 = (p0, 0)2
O0! &'(!)#*%+ *.(:'-%-#.& ./ -0! <),- *.&H'"%-! -#(! t1c %+.&" -0! !4-)!(%+

-)%H!*-.)I #, -0! ,%(! -0%- #& -0! &.)(%+ *%,!9 ,!! PDQ2 R&! *.(:'-!, -0! S%*.G#

<!+;, *.))!,:.&;#&" -. -0! ,I,-!( (F̃0, F̃1) 70.,! #&#-#%+ *.&;#-#.&, (δq̃0, δp̃0) =
δz̃0 G!+.&" -. -0! G%,! ./ -0! $!*-.) ,:%*! ;!-!)(#&!; GI

Dz̃(0)H̃F̃1

(δz̃0) = Dz̃(0){H̃F̃0

, H̃
F̃1

}(δz̃0) = 0
< p̃0, δp̃0 >= 0
q̃0 ∈ RF̃1(q̃0)2

T#&*! -0! $%)#%G+!, ./ -0#, :).G+!( %)! U5;#(!&,#.&%+9 -0!)! !4#,-, -0)!! ,'*0

S%*.G# <!+;, ;!&.-!; Ji(t) = (δq̃i(t), δp̃i(t))2 R&! -0!& *.(:'-!, -0! <),- -#(!

%- 70#*0 (δq̂1(t), .., δq̂3(t), F̃1(q̃(t))) ≤ 22 O0! &'(!)#*%+ *.(:'-%-#.& ./ t1cc

KKK





 !"#" $!" $%&" $#'()*"# tf %) +,"-. /!" 0)"1-234'&%5$2(%'( *#2& $!" &',%&1&

0#%(6%05" %)

H(z, u) = p0
m∑

i=1

u2
i+ < p, F (q, u) > 7

 !"#" z = (q, p) ∈ T ∗Rn
'(- p0 ≤ 0. 8* p0 < 0 2(" 6'(7 1)%(9 !2&29"("%$:7

(2#&'5%;" p0 $2 3<=>. ?#2& $!" &',%&%;'$%2( 62(-%$%2( ∂H=∂u @7 2(" -"-16")

$!'$

ui = Hi(z) =< p, Fi(q) >, i = 1, 2.

A1B)$%$1$%(97 2(" 9"$) $!" $#1" 4'&%5$2(%'(

Hr(z) = H0(z) +
1

2

∑
H2

i (z).

 !" #$% &'()*(+,)*'( -%)$'. '( )$% /0,1*),)*'(,2 &'(3

4),()

/!" &'$!"&'$%6'5 62($%(1'$%2( &"$!2- %( $!" #")$#%6$"- 6%#615'# 0#2B5"&  ')

1)"- B: C2%(6'#D7 %( 0'#$%615'# *2# $!" 62($%(1'$%2( 2* 6%#615'# 2#B%$). E"2&"$3

#%6'55:7 %$ %) )%&05: ' 62($%(1'$%2( 2* $#'F"6$2#%") 2* $!" G"05"# 0#2B5"& %($2

$#'F"6$2#%") 2* $!" H3B2-: 0#2B5"&. 8$ '&21($) $2 62()%-"# µ ') ' )&'55 0'#'&3
"$"#7 $!" 5%&%$ 6')" µ = 0 B"%(9 G"05"# 0#2B5"& %( $!" #2$'$%(9 *#'&"7  #%$%(9

H0 =
‖ p ‖2

2
− tqKp−

1

‖ q ‖
+ o(µ)

'(- $!" '00#2,%&'$%2( *2# µ %) I'5%-7 ' ("%9!B2#!22- 2* $!" 0#%&'#%") B"%(9

",651-"-. 8( $!" J'#$!3K22( 0#2B5"&7 )%(6" µ %) I"#: )&'557 $!" G"05"# 0#2B5"&
%) 65"'#5: ' 922- '00#2,%&'$%2( 2* $!" &2$%2( %( ' 5'#9" ("%9!B2#!22- 2* $!"

J'#$!. /!%) 02%($ 2* I%" %) %&02#$'($ %( 21# '('5:)%)7 ') %(-%6'$"- B: $!"

)$'$1) #"02#$ 2* $!" AKLM/3< &%))%2( )%(6" &2)$ 2* $!" $%&" &%))%2( %) 1(-"#

$!" %(N1"(6" 2(5: 2* $!" J'#$! '$$#'6$%2(7 )"" O>P7 >QR.

 !5 6(%0/73-*(*-,2 6,0)$3L1 )0,(48%0

?%#)$5:  " 6!2)" $2 )%&15'$" $!" "("#9:3&%(%&'5 J'#$!3L1 $#'()*"# %( $!" #"3

)$#%6$"- H3B2-: 0#2B5"&. 8(-""-7  !"( µ = 07 $!" K22( '(- $!" 02%($ L1

'#" %-"($%6'5. ?1#$!"#&2#"7 %( $!" J'#$!3K22( ):)$"&7 $!" 02%($ L1 '(- $!"

K22( '#" 526'$"- I"#: 652)"5:7  !%6! )199")$) $!'$ $!" +#)$ 0!')" 2* $!" J'#$!3

K22( $#'()*"# %) 62&0'#'B5"7 ') %( $!" $%&"3&%(%&'5 J'#$!3K22( $#'()*"#7 $2

$!" J'#$!3L1 $#'()*"#.

M"$'%(%(9 $!" (2$'$%2() 2* $!" )"6$%2( S7 $!" "("#9:3&%(%&'5 J'#$!3L1 $#'()3

*"# 0#2B5"&7 0'#'&"$#%;"-  %$! µ '(- $!" $#'()*"# $%&" tf 7 6'( B"  #%$$"(

(Pµ)





q̇ = F0(q) + F1(q)u1 + F2(q)u2

minu(.)∈R2

∫ tf
t0

u2
1 + u2

2dt

q(0) = q07 q(tf ) = qf

T>UV

<<H



µ   ! "#"$%

tf "#" "#"

t1c &' (')*+ ,-./ -& [0, 5tf ] "#"!0%#

1*2+/ $3 4'.5*6-7-'& 2/,8//& ,9/ ,6*&7(/6 ,-./ tf  !" #$% &'(# )*!+,- #% #./%

t1c 0'%(#'.)#%" 123*"4 5'*36%/ #./% ,!.#7  6*!- #$% %!%'-42/.!./ 6 8 '#$29**!

%:#'%/ 6 #' +%)#*'.%(;

<$.)$ 6% "( #* (*6=% #$% ($**#.!- %>, #.*!  ((*). #%" <.#$ #$% / 55.!-

S : R4 −→ R
4

p0 −→ expq0,tf (p0)− qf ;
0?@7

A4 / B.!- #$% 5 ' /%#%' µ = '4 C'*/ D #* D;DE?EF1G *!% 3,.6"( ,5  C /.64

(Sµ)µ *C ($**#.!- C,!)#.*!( <$.)$ )*!!%)#( 3*#$ H%56%'  !" '%(#'.)#%" 123*"4

5'*36%/; I$% )*!#.!, #.*! /%#$*" / 4 #$%! 3% ,(%" #* "%",)%  ! 8 '#$2L1

#' !(C%' <.#$ 6*<2#$',(# C'*/ H%56%'. ! #' +%)#*'.%(; J%C%''.!- #* #$% (# #,(

'%5*'# *C #$% K9LJI2E /.((.*!G (%% M?@G ?NOG <% &: #$% #' !(C%' #./% #* E?E

,!.#( *C #$% '%(#'.)#%" 123*"4 5'*36%/ 0F?@;E1@F " 4(7  !" #$% (5 )%)' C# / ((

.(  ((,/%" #* 3% )*!(# !# #* 1FDB-; K%##.!- µ = 0G <% )*/5,#%  ! .!.#. 6

%:#'%/ 6 ,(.!-  (./56% ($**#.!-; I$%! <% / B% #$% 5 ' /%#%' µ = '4 ,5 #*

D;DE?EF1;

K.!)% tf .( &:%"G #$% "*/ .! *C expx0,tc
.( 6*) 664 ".P%*/*'5$.) #* R

4
G (%% MQO;

R*!(%>,%!#64 *!% "%#%'/.!%( #$% &'(# )*!+,- #% #./% 34 )*/5,#.!- #$% S )*3.

&%6"( Ji(t) = (δxi(t), δpi(t)), i = 1, . . . , 4G )*''%(5*!".!- #* .!.#. 6 )*!".#.*!(

δxi(0) = 0  !" δpi(0) = eiG <$%'% (ei)i .( #$% ) !*!.) 6 3 (.( *C R
4
; I$%!

' !B(δx1(t), .., δx4(t)) .( %>, 6 #* 4 *,#(."%  )*!+,- #% #./%  !" 6*<%' *' %>, 6 #*

3  #  )*!+,- #% #./%; 9*'%*=%' <% 56*# #$% 8,)6."% ! !*'/ *C %:#'%/ 6 )*!#'*6(

#* )*/5 '% #$% )*!#'*6 3*,!"  !" #$% / :./ 6 #$',(#  66*<%" 34 %6%)#'*2.*!.)

%!-.!%(;

T.-;@  !" I 36% F ($*< %:#'%/ 6 #' +%)#*'.%( .! 3*#$ '*# #.!-  !" &:%"

C' /%(G #$% 8,)6."% ! !*'/ *C %:#'%/ 6 )*!#'*6(  !" #$% )*/5 '.(*!( 3%#<%%!

#$% #' !(C%' #./%  !" #$% &'(# )*!+,- #% #./% .! #$% H%56%' 5'*36%/  !" #$%

'%(#'.)#%" 123*"4 5'*36%/; I$% !,/%'.) 6 )*!#.!, #.*! *! µ 5'*=."%(  ! %!%'-4

/.!./ 6 8 '#$2L1 %:#'%/ 6 #' +%)#*'4 '%(,6#.!- C'*/ #$% ".(#*'#.*! *C  H%56%2

'. ! *!%G .!  ))*'" !)% <.#$ U*.!) 'VW( #$%*'4; I$.( #' !(C%' )*!(.(#( .! +*.!.!-

 ! %66.5#.) *'3.#  '*,!" #$% 8 '#$ C'*/ #$% -%*(# #.*! '4 *!% 34 5'%(%'=.!- #$%

5%'.)%!#%'  '-,/%!#G 3%C*'% '% )$.!- #$% 5*.!# L1; I$% (%)*!" *'"%' *5#./ 6.#4

)*!".#.*! %!(,'%( #$ # #$% %:#'%/ 6(  '% 6*) 664 *5#./ 6 .! L∞([0, tf ]); X!%

) ! !*#.)% #$ # .! 3*#$ ) (%( µ = 0  !" µ = 0.012153G #$% / :./,/ = 6,%

'% )$%" 34 #$% !*'/ *C #$% %:#'%/ 6 )*!#'*6 .(  55'*:./ #%64 #<.)% .!C%'.*' #*

#$% 6*<2#$',(# 3*,!" ǫ ≤ 0.08 0D;DN1 Y7G 3,# #$% #' !(C%' #./%(  '% '*,-$64 #$%

( /%;

EEZ





 !" #$%&'()*+$+*,- #,&./)011$ .&,$23%&

 !"#$%&'"( )*$ +$,"')'!" !- )*$ .'%./01% !%2') 1%!/"+ )*$ 3!!" OM 4 )*$ $"$%(56

7'"'7'81)'!" 91%)*63!!" )%1"#-$% :%!20$7 .1" 2$ ;%'))$"

(P
′

µ)





q̇ = F0(q) + F1(q)u1 + F2(q)u2

minu(.)
∫ tf
t0

u2
1 + u2

2dt

q(0) = q04 h(q(tf )) = 0<

=>?@

;*$%$ h '# )*$ 71::'"( +$,"$+ '" A?< B*$ )%1"#-$% )'7$ tf '# ,C$+ 1"+ )*$
#*!!)'"( -/".)'!" S 2$.!7$#

S : R4 −→ R
4

p0 −→




(q1 − 1 + µ)2 + q22 − 0.0017
q23 + q24 − 0.2946

< (q1 − 1 + µ, q2), (q3, q4) >
< p(tf ), w >


 .

=>D@

B*$ )%1"#-$% )'7$ '# #$) )! A>E )'7$ /"')# !- )*$ %$#)%'.)$+ F62!+5 :%!20$7

=GFH<AD +15#@ 1"+ )*$ #:1.$.%1-) 71## %$71'"# .!"#)1") 1"+ $I/10 )! FGJ K(< L"

$C)%$710 .!%%$#:!"+'"( )! µ = 0 '# .!7:/)$+ /#'"( 1 #'7:0$ #*!!)'"( 7$)*!+4
)*$ '"')'10 .!#)1)$ p0 2$'"( '"')'10'8$+ ;')* )*$ !"$ 1##!.'1)$+ ;')* )*$ $"$%(56
7'"'710 91%)*6L1 )%1"#-$%<

B*$ 7$)*!+ )! .!7:/)$ )*$ ,%#) -!.10 )'7$ *1# )! )1K$ '")! 1..!/") )*$

,C$+ &10/$ !- )*$ )%1"#-$% )'7$4 #$$ MDN< O$".$ )*$ "!%710'81)'!" .!"+')'!"

< p(tf ), δpi(0) >= 0 +!$# "!) *!0+ 1"57!%$< P"$ .!"#'+$%# )*$ E6+'7$"#'!"10
&$.)!% #:1.$ #:1""$+ 25 )* Q1.!2' ,$0+# Ji(t) = (δxi, δpi)4 i = 1, .., 44 #1)'#-5'"(
Ji(0) ∈ Tz(tf )O

⊥
M < L) )'7$ t !"$ .!7:/)$# %1"K(δx1(−t), .., δx4(−t)) ;*'.* '#

'"-$%'!% !% $I/10 )! 3 1) 1 -!.10 )'7$ 1"+ $I/10 )! 4 !/)#'+$ 1 -!.10 )'7$<
R$ )*/# .!7:/)$ 1 0!.1005 $"$%(567'"'7'8'"( 91%)*63!!" )%1S$.)!%5< T"

2!)* .1#$# µ = 0 1"+ µ = 0.0121534 )*$ ,%#) -!.10 )'7$ 10!"( $C)%$710 '# #/:$%'!%
)! FU>tf < B*$ .!")%!0 2!/"+ '# 1::%!C'71)$05 J<JEG4 ;*'.* .!%%$#:!"+# )! )*$
*10- !- )*$ 71C'710 )*%/#) 100!;$+ 25 )*$ V3LWB6A 0!;6:%!:/0#'!" $"('"$#<

L" '")$%$#)'"( %$71%K '# )*1)4 ;*$" µ = 04 )*$ X$:0$%'1" 91%)*6L1 )%1S$.)!%5

#'("',.1")05 +'Y$%# -%!7 )*$ X$:0$%'1" 91%)*63!!" )%1S$.)!%5< B*'# +'Y$%$".$

'00/#)%1)$# )*$ $Y$.) !- )*$ )%1"#&$%#10')5 .!"+')'!" ;*$" )*$ ,"10 )1%($) '# 1

#/271"'-!0+< P" )*$ .!")%1%54 ;*$" µ = 0.012153 )*$ ,%#) :*1#$ !- )*$ 91%)*6
3!!" )%1"#-$% '# .!7:1%120$ )! )*$ 91%)*6L1 )%1"#-$%< B*'# /"+$%0'"$# )*$

.%/.'10 %!0$ !- )*$ "$'(*2!%*!!+ !- )*$ :!'") L1 ;*$%$ )*$ 1))%1.)'!"# !- )*$

);! :%'71%'$# .!7:$"#1)$ $1.* !)*$%< B*$ 91%)*63!!" )%1S$.)!%'$# '" 2!)*

%!)1)'"( 1"+ ,C$+ -%17$4 )*$ "!%7 !- )*$ $C)%$710 .!")%!0# )*$ .!7:1%'#!"

2$);$$" )*$ ,%#) -!.10 )'7$ 1"+ )*$ )%1"#-$% )'7$ 1%$ #*!;" !" Z'(<? 1"+ B120$

[4 -!% µ = 0 1"+ µ = 0012153<

 !"#$%&'("#

B*$ 71'" .!")%'2/)'!" !- )*'# 1%)'.0$ '# )! :%!&'+$ );! 01%($ #$)# !- )'7$67'"'710

1"+ $"$%(567'"'710 #:1)'10 )%1S$.)!%'$# '"#'+$ )*$ 91%)*63!!" #5#)$74 .!"#'+6

$%$+ 1# #!0/)'!" !- )*$ .!")%!00$+ %$#)%'.)$+ F62!+5 :%!20$74 '" 1 .!")$C) !-

AA[





µ  !"#

tf  #$  #$

t1
 !"

 %#"&$'# # #"&() 

*+,-. )/ 0123+456517 ,.89..7 8:. 84+76;.4 852. tf +7< 8:. =468 ;1>+- 852. t1
 !"

?4.6845>8.< '@,1<A 341,-.2 852. B758C +-17D 8:. .7.4DA@25752+- E+48:@F117

.G84.2+- 84+H.>8145.6"

-19@8:4B68" I7 3+485>B-+4J 9. .6852+8. 8:. 852. 13852+- -19@.7.4DA 84+76;.4 ,.@

89..7 8:. D.168+8517+4A 14,58 +7< + >54>B-+4 3+4K57D 14,58 +41B7< 8:. F117"

L. +-61 341M5<. + 7B2.45>+- >:.>K57D 1; 8:. >123+45617 8:.14.2 ,.89..7 8:.

=468 >17HBD+8. 852.6 57 7142+- +7< +,7142+- >+6.6 4.-+8.< 81 8:. 852.@25752+-

341,-.2" F14.1M.4J ,A D5M57D +7 .6852+8517 1; 8:. .7.4DA 257525N57D 84+H.>@

814A ,..89.7 8:. 6+2. 14,586J 9. 6BDD.68 + 68+4857D 31578 ;14 8:. :121813A

2.8:1< 9:5>: 4.-+8.6 8:. .7.4DA 257525N+8517 341,-.2 +7< 8:. =7+- 63+>.>4+;8

2+66 341,-.2" OB4 >123B8+85176 4.6B-8 ;412 +7 145D57+- +33-5>+8517 1; 57<54.>8

7B2.45> 2.8:1<6J 576354.< ,A 8:. P1784A+D57 2+G52B2 3457>53-.J 81 8:. 3+4@

85>B-+4 3-+7+4 4.6845>8.< '@,1<A 341,-.2 +7< 8:. 13852+-58A 1; 8:.6. 84+76;.46 56

>:.>K.< B657D 6.>17< 14<.4 >17<585176" *:. .Q>5.7>A 1; 6B>: + 341>.66 56 9.--@

K7197 ;14 68417D-A <.3.7<57D 17 <.8.425757D +>>B4+8. 57585+- >17<585176J 9:5>:

56 3.4;142.< 8:+7K6 81 4.-.M+78 >17857B+8517 2.8:1<6J ;1B7<.< 17 7B2.45>J 57

8:. 852.@25752+- >+6.J 14 3:A65>+-J 57 8:. .7.4DA@25752+- >+6.J >1765<.4+85176"

RB48:.4214.J 8:56 914K B7<.4-57.6 8:. >4B>5+- 41-. 3-+A.< ,A 8:. S+D4+7D5+7

31578 L1 ,A M.45;A57D 8:+8 8:. =468 3:+6. 1; +7 13852+- E+48:@F117 84+H.>814A

56 6525-+4 81 +7 E+48:@L1 84+76;.4J 8:+8 56 >123+4+,-. 81 + 84+76;.4 ,.89..7

T.3-.45+7 14,586 57 8:. E+48:U6 D4+M58A +4.+ <B457D 9:5>: 8:. 3.45>.78.4 +4DB@

2.78 56 >1768+78" *:56 .7>1B4+D.6 ;B8B4.6 68B<5.6 <.+-57D 958: 8:. -57K ,.89..7

8:. 57M+45+78 2+75;1-<6 57 8:. 7.5D:,14:11< 1; L1 +7< 13852+- 84+76;.46 57 8:.

4.6845>8.< '@,1<A 341,-.2" I7 +<<58517J 9. D5M. 612. 523148+78 VB+-58+85M. 1,@

6.4M+85176 +,1B8 .G84.2+- 1; 8:. 4.6845>8.< '@,1<A 341,-.2 657>. 58 +33.+46 8:+8

8:. 8131-1D5>+- >+4+>8.45685>6 1; 852.@25752+- .G84.2+- 84+H.>8145.6 +4. 34.6.4M.<

9:.7 8:. 84+76;.4U6 8+4D.8 56 21<5=.<J +6 9. 7185>.< ,A >123+457D 84+76;.46 B3

81 8:. 315786 L1 +7< L4"

 !"#$%&'()*'#+,

*:. +B8:14 8:+7K6 P4" W" W177+4< +7< P4" X"W" 0+5--+B ;412 8:. F+8:.2+85>6

I76858B8. 1; 8:. W1B4D1D7. Y75M.4658A ;14 2+7A +<M5>.6 +7< :.-3;B-- <56>B665176"

-'.'/'#!',

Z [ \"\" \D4+>:.M +7< \"]" ^+4A>:.MJ  ! "#!$%&"'( )*+%)&"'( ,$% -".%"!.)

/"%0"+0$!"' 1%$#')&J F+8:" ^A68" E6852" 0178"J  ? %%_CJ _(`  _"

Z#[ E"S \--D19.4 +7< T" a.14DJ bcB2.45>+- >17857B+8517 2.8:1<6J +7 57841@

<B>8517dJ ^ ^3457D.4J W.4-57J  %%!"

  _



 !" #$ %$ &'()*+, -./0123/045/* 3201)+6 )7 5*/6645/* 3251/(4568, 9:'4(;2',

<2=>?)'@, ABCB$

 D" E$F$ G2006 /(+ 9$H$ I'J,  !"#$%& &'( ")*+," "*%-./"'*#., "' "). 0''1,

9%&. E$ &::*$ KL($ 9L60$,  MNOO!P, ADDQARO$

 S" T$ G4651)7, &$ T/'*2, U$ V*/+23 /(+ &$ ./W2', 23#4'* 5678 2+"'$%"#/

9#:.*.1"#%"#'1 '4 ;'*"*%1 << !*'=*%$,6 , %III T)3:W0/04)(/* 9542(52

/(+ I(;4(22'4(;, !"#!$ MABBXP, ACQ!N$

 X" Y$ &$ G*466, Z[250W'26 )( 012 T/*5W*W6 )7 #/'4/04)(6-, T145/;), ABDX$

 R" &$ G)3J'W(, E$T120J)W( /(+ E>G U)320, >*%1,4.*" >.**.?@+1. .1 !'+,,A.

4%#B&. !%* /'1"*C&. 4..3B%/D E @% $#,,#'1 F02G>?H, M\'2(51P %<]%& ]2>

62/'51 '2:)'0, %&%% MNOOXP, AQNR$

 C" G$ G)((/'+, E$>G$ T/4**/W /(+ I$ F'^*/0, F./'13 '*3.* '!"#$%&#"I /'13#"#'1,

#1 "). ,$''") /%,. %13 %!!&#/%"#'1, #1 '!"#$%& /'1"*'&, I9&%. T)(0')*

H:043$ /(+ T/*5$ #/'$, '! MNOORP, NORQN!X$

 B" G$ G)((/'+, E$>G$ T/4**/W /(+ I$ F'^*/0, J >J >8 ,)'*" *.4.*.1/. $%1+%&,

I<9II%_F>%]%F F251(45/* '2:)'0 ]F`&UH`OS`A, MNOOSP$

 AO" G$ G)((/'+ /(+ .$ T1LJ/, -94(;W*/' 0'/a250)'426 /(+ 0124' ')*2 4( 5)(0')*

012)'L8, ./01$ /(+ &::*45/04)(6 DO, 9:'4(;2', NOO!$

 AA" G$ G)((/'+, [$ \/WJ)W'; /(+ I$ F'^*/0, -.^5/(4bW2 5^*2602 20 5)(0c*2 +26

d^145W*26 6:/04/We8, 9:'4(;2'>#2'*/;, G2'*4(, NOOX$

 AN" G$ G)((/'+ /(+ %$ VW:@/, >)A'*#. 3., ,#1=+&%*#"A, 3. &K%!!&#/%"#'1 .1?

"*A.L,'*"#. ." '!"#$%&#"A 3., "*%-./"'#*., ,#1=+&#M*., 3%1, &. !*'B&M$. 3+

".$!, $#1#$%&, M\'2(51P F12)'L )7 012 64(;W*/'40426 )7 012 4(:W0`)W0:W0

3/::4(; /(+ ):043/*40L )7 64(;W*/' 0'/a250)'426 4( 012 34(43/*>0432 :')J>

*23", \)'W3 ./01$,  MABBCP, AAAQASB$

 A!" G$ G)((/'+, E$G$ T/4**/W /(+ Y$ U45)0 N.'$."*#/ %13 1+$.*#/%& "./)1#O+.,

#1 '!"#$%& /'1"*'& '4 "). "(' %13 ")*.. B'3I !*'B&.$,, T)33W($ %(7$ 9L60,

'( MNOAOP, 0) /::2/'$

 AD" G$ G)((/'+, <$ 91512'J/@)d/ /(+ K$ 9W;(L, F12 63))01 5)(04(W/04)(

3201)+ 4( ):043/* 5)(0')* =401 /( /::*45/04)( 0) 5)(0')* 6L60236, PF2Q0

J'1"*'&  !"#$6 %13 J%&/6 R%*, 0) /::2/'$

 AS" E$>G$ T/4**/W, -T)(0'4JW04)( f *g^0W+2 +W 5)(0'c*2 2( 023:6 34(43/* +26

0'/(672'06 )'J40/We8, U1$K 012646, F)W*)W62, NOOO$

 AX" E$>G$ T/4**/W, G$ K/)W+ /(+ E$ Y2';/W+,  1 ,'$. G#.$%11#%1 %,!./", '4

"(' %13 ")*..?B'3I /'1"*'&&.3 !*'B&.$,, ]252(0 &+d/(526 4( H:0434h/04)(

/(+ 406 &::*45/04)(6 4( I(;4(22'4(;, 0) /::2/', MNOOBP$

 AR" E$>G$ T/4**/W, G$ K/)W+ /(+ E$ Y2';/W+, 9#,/*.". %13 3#:.*.1"#%& )'$'?

"'!I #1 /#*/+&%* *.,"*#/".3 ")*..?B'3I /'1"*'&, 6WJ34002+ 0) 2Q0F !*'/..3?

#1=, MNOAOP$

AAB



 !"# $% &'()*+, *-, .% /*0'(12(-3  !"!#!$% "&#'!( )!* "+,+"-" .!,/-"$0

#+!, !*1+# #*2,/)&* $*!13&"3 45678 92-:(2; <=:>?% 9*;@% A*(%3  ! BCDDEF3

CGHIJ!D%

 !G# &% &K?'L3 5%M22-3 8% N23 $%4 8*(O,'-3 $% 8*,'O?2-: *-, 5%P% Q2OO3 4,0

52*+2,# "2,+)!3(/6 #'& /$2#+23 #'*&&01!(% $*!13&" 2,/ /$2.& "+//+!, (&/+7, 3

6,R% 6O:(2-*+:% 5@>3  "# BCDD!F3 JICC%

 CD# 8% &+'((* *-, 6% 5*(S@T'R3 89+/#&,.& 2,( :+$/.'+#;+2, *&7-32*+#% )!*

*&329&( "+,+"+;&*/3 8*:T'?*:>@*; @2-:(2; :T'2(S *-, U-*-@'3 CJ!ICVD3

5=(>-)'(3 W'(;>- CDD"%

 C!# $%4% 8*(O,'- *-, 5%P% Q2OO3 <&= "&#'!(/ +, .&3&/#+23 "&.'2,+./ 2,(

"+//+!, (&/+7,3 W+;;% 6?'(% 8*:T% 52@% BX%5F3 $% BCDDEF3 HJIYJ%

 CC# M% 8'S'( *-, &% Q% /*;;3 Z7-:(2,+@:>2- :2 /*?>;:2->*- ,S-*?>@*; OSO:'?O

*-, :T' N [02,S =(20;'?\3 5=(>-)'(3 X'] 2̂(13 !GGC%

 CJ# /% _2>-@*(`3 Z<'+R('O\3 &*+:T>'([A>;;*(O3 _*(>O3 !GJH%

 CH# /% _2;;*(,3 Z8*:T'?*:>@*; >-:(2,+@:>2- :2 @';'O:>*; ?'@T*->@O\3 _('-:>@'[

/*;;3 4-);']22, 9;>aO3 !GEE%

 CV# B8Q!JD!YYGF N% 5% _2-:(S*)>-3 A% &% W2;:S*-O1>>3 Q% A% &*?1(';>,L' *-,

4% b% 8>OT@T'-123 Z.T' ?*:T'?*:>@*; :T'2(S 2c 2=:>?*; =(2@'OO'O\3 $2T-

d>;'S e 52-O3 X'] 2̂(13 !GEC%

 CE# &% Q*@@*3 W% /% b2>-) *-, 8% 92(*,>->3 >?@AB0CD B'& E*/# #+"& !)

8-*!$& #! #'& ?!!,3 4*(:T3 822- *-, =;*-':O3 &'(&) BCDD!F3 JYGIJGD%

 CY# &% Q*@@* &# 23F3 >?@AB0C "+//+!, (&/.*+$#+!, 2,( (&5&3!$"&,# /#2#-/3

_;*-':*(S *-, O=*@' O@>'-@'3 '" BCDDCF3 !JCJI!JJY%

 C"# 6%A% 5*(S@T'R3 B'& +,(&9 !) /&.!,( 52*+2#+!, !) 2 .!,#*!3 /%/#&"3 8*:'?%

502(->13   % B!G"DF3 HEHIH"E%

 CG# N%b% 5T*?=>-'3 /%6% d*::O *-, 5% P*R'-=2(:3 >!35+,7 ,!,0/#+G !*(+,2*%

(+G&*&,#+23 &H-2#+!,/0#'& /#2#& !) #'& 2*#F3 .'@T->@*; ('=2(: O*-,YV[D!"C3

5*-,>* N*02(*:2(>'O3 6;0+f+'(f+'3 X'] 8'g>@2 B!GYVF%

 JD# A% 5L'0'T';S3 Z.T'2(S 2c 2(0>:Oh .T' ('O:(>@:', =(20;'? 2c :T('' 02,>'O\3

6@*,'?>@ _('OO3 !GEY%

!CD



 !"#$%&'(!(')* +#)!,-"#, (! +." /(0(!(+%

1- +." 2)$#)!$()! 31(!+ L14

 ! "#$%&

∗

 !"#$%&#'  !"# $%&"'() *)$(# +"&! &!) ,%-.()/ -0 '-/,1&"23 )2)%345/"2"/$(

&%$6)'&-%")# .)&+))2 &!) "27$%"$2& /$2"0-(*# "2 &!) 2)"3!.-%!--* -0 &!) )81"(".5

%"1/ ,-"2& L1 -0 &!) %)#&%"'&)* 95.-*4 ,%-.()/: ;2"&"$("<"23 $ #"/,() #!--&"23

/)&!-* +"&! #-(1&"-2# -0 &!) '-%%)#,-2*"23 ("2)$% -,&"/$( '-2&%-( ,%-.()/= +)

21/)%"'$((4 '-/,1&) )2)%345/"2"/$( )>&%)/$(# 0%-/ &!) ?-2&%4$3"2@# A$>"5

/1/ ,%"2'",()= +!-#) -,&"/$("&4 "# )2#1%)* &!$2B# &- &!) #)'-2* -%*)% -,&"/$(5

"&4 '-2*"&"-2:

()* +,$-"' C,&"/$( '-2&%-(= 95.-*4 ,%-.()/= 21/)%"'$( $2$(4#"# /)&!-*#:

 ./ "0!1)&# &2%""34&%#3,5' DEFGH= DEAIH= JIKIJ:

 !"#$%&'(#)%"

L-/,1&"23 )2)%345/"2"/$( -%."& &%$2#0)%# "# -2) -0 &!) '%1'"$( '!$(()23)# &- &$B)

1, &- *)#"32 #,$') /"##"-2# 1#"23 (-+5,%-,1(#"-2: ;2 ,$%&"'1($%= &!) MANO 5G

/"##"-2 0%-/ &!) P1%-,)$2 M,$') N3)2'4= #)) QGGR= !$# /-&"7$&)* 21/)%-1#

#&1*")# *)$("23 +"&! (-+ &!%1#& &%$6)'&-%")# 0%-/ &!) P$%&! &- &!) A--2= 1#"23

0-% "2#&$2') #"/,() 0))*.$'B ($+# Q9R -% &!) &%$2#'%",&"-2 /)&!-* QSR: ;2 QDR=

-,&"/$( &%$2#0)%# .)&+))2 81$#"5F),()%"$2 -%."&# "2 &!) P$%&!5A--2 #4#&)/ $%)

'-/,1&)* .$#"23 -2 21/)%"' /)&!-*# '-22)'&)* +"&! 012*$/)2&$( %)#1(&# 0%-/

3)-/)&%"' '-2&%-( &!)-%4:  !) 0%)) /-&"-2 -0 &!) #,$')'%$0& "# *)#'%".)* .4

&!) )81$&"-2# -0 &!) ,($2$% %)#&%"'&)* 95.-*4 ,%-.()/= QG9RT &+- ,%"/$%")# $%)

'"%'1($%(4 %)7-(7"23 $%-12* &!)"% ')2&)% -0 /$## +"&! $ '-2#&$2& $231($% 7)(-'"&4

12*)% &!) "2U1)2') -0 &!)"% /1&1$( 3%$7"&$&"-2$( $&&%$'&"-2 $2* $ &!"%* .-*4

+"&! 2)3("3".() /$## "# /-7"23 "2 &!) ,($2) *)V2)* .4 &!) /-&"-2 -0 &!) &+-

,%"/$%")#: N**"23 '-2&%-( &)%/# "2 &!) )81$&"-2# -0 /-&"-2= )>&%)/$( '1%7)#

#-(1&"-2# -0 &!) ?-2&%4$3"2@# A$>"/1/ ?%"2'",() QGIR $%) 21/)%"'$((4 '-/,1&)*

1#"23 #"/,() #!--&"23 $2* #/--&! '-2&"21$&"-2 /)&!-*#:  !)"% (-'$( -,&"/$("&4

"# '!)'B)* $''-%*"23 +"&! &!) #)'-2* -%*)% -,&"/$("&4 '-2*"&"-2 %)($&)* +"&! &!)

2-&"-2 -0 '-2613$&) ,-"2&#: ;2 V31%) G "# *"#,($4)* $2 )>$/,() -0 #1'! $2 -,&"/$(

&%$6)'&-%4:

;2 &!"# $%&"'()= &!) $.-7) /)&!-*# $%) 1#)* &- '-/,1&) )2)%345/"2"/$( &%$2#5

0)%# "2 &!) 7"'"2"&4 -0 &!) )81"(".%"1/ ,-"2& L1 -0 &!) #,$&"$( %)#&%"'&)* 95.-*4

,%-.()/ +!)%) &!) 7)%&"'$( *"/)2#"-2 "# &$B)2 "2&- $''-12&: ;2*))*= &!) #&1*4 -0

∗
 !"#$%!"&'( )*("&"+"$, -.+/0.0*$ 1*&2$/(&"3, 4 !2$*+$ 5!2!/3, 6789:;< =&>.*

? !"#$%&'($)*#+",-*"& * .%'/&@, (+AA./"$B C3 DEF5 ?'.*"/!'" *.G H;8II@ !*B D.*($&J

FK0&.*!J B$ -.+/0.0*$ ?'.*"/!" *.G :;48:9LL:8IMIM9M@

GSG





 !"#" $!" %&$"'$()* (+ ,(-"' ./

V =
1

2
(X2 + Y 2)−

1− µ

((X + µ)2 + Y 2 + Z2)
3

2

+
µ

((X − 1 + µ)2 + Y 2 + Z2)
3

2

0"$$(', pX = Ẋ − Y 1 pY = Ẏ +X )'2 pZ = Ż1 &'" 3)'  #($" $!" "45)$(&'+ ('

6)7(*$&'()' 8&#7 )++&3()$"2  ($! $!" 6)7(*$&'()' 85'3$(&'

H =
1

2
(p2X + p2Y + p2Z) + Y pX −XpY −

1− µ

ρ1
−

µ

ρ2
.

9!" "45(*(.#(57 %&('$+ &8 $!" %#&.*"7 )#"  "** :'& '; 9!"/ )** ."*&', $& $!"

<=>%*)'" )'2 +%*($ (' $ & 2(?"#"'$ $/%"+; @(#+$*/1 $!" 3&**('")# %&('$+1 2"'&$"2

L11 L2 )'2 L31 )#" *&3)$"2 &' $!" *('" y = 0 2"A'"2 ./ $!" %#(7)#("+; 0"3&'2*/1
$!" "45(*)$"#)* %&('$+1 2"'&$"21 L4 )'2 L51 8&#7  ($! $!" $ & %#(7)#("+ )'

"45(*)$"#)* $#()',*";

9& +$52/ $!" 2/')7(3+ (' $!" -(3('($/ &8 ) 3&**('")# "45(*(.#(57 %&('$ Li=1, 2, 31

&'" $#)'+*)$"+ $!" &#(,('" $& $!" *&3)$(&' &8 Li )'2 )%%*("+ +&7" +3)*(', +& $!)$

$!" 2(+$)'3" γj 8#&7 Li $& $!" 3*&+"+$ %#(7)#/ (+ B; 9!" "45)$(&'+ &8 7&$(&'

."3&7"

ẍ− 2ẏ − (1 + c2)x =
∂

∂x

∑

n≥3

cnρ
nPn(

x

ρ
),

ÿ + 2ẋ+ (c2 − 1)y =
∂

∂y

∑

n≥3

cnρ
nPn(

x

ρ
)

z̈ + 2c2z =
∂

∂z

∑

n≥3

cnρ
nPn(

x

ρ
)

CDE

 !"#" Pn 2"'&$"+ $!" F","'2#" %&*/'&7()* &8 &#2"# n1 ρ = x2+ y2+ z2 )'2 $!"

3&"G3("'$+ cn 2"%"'2 &' .&$! *(.#)$(&' %&('$+ )'2 $!" 3&'+$)'$ µ; 0:(%%(',

$!" '&'>*('")# $"#7+1 &'" &.$)('+ $!" *('")#(H"2 "45)$(&'

ẍ− 2ẏ − (1 + c2)x = 0, ÿ + 2ẋ+ (c2 − 1)y = 0, z̈ + 2c2z = 0. CIE

J"A'(', px, py )'2 pz )+ %#"-(&5+*/1 $!" *('")#(H"2 "45)$(&' (+ "45(-)*"'$ $& $!"

6)7(*$&'()' +/+$"7 )++&3()$"2  ($! $!" 85'3$(&'

H =
1

2
(p2x + p2y + p2z) + ypx − xpy −

c2

2
(2x2 − y2 − z2). CKE

L$ (+ '&$ 2(G35*$ $& 3!"3: $!)$ $!" *('")# ."!)-(&# (' $!" -(3('($/ &8 Li=1, 2, 3

(+ &8 $/%" +)22*"×3"'$"#×3"'$"#  ($! $ & #")* )'2 8&5# (7),(')#/ "(,"'-)*5"+
2"'&$"2 (±λ1,±iω1,±iω2) +"" MNO; P&#"&-"#1 &'" 3)' +!& $!)$ $!" 7)$#(Q

A =



















2λ1

s1
0 0 −

2λ1

s1

2ω1

s2
0

λ2

1
−2c2−1

s1

−ω2

1
−2c2−1

s2
0

λ2

1
−2c2−1

s1
0 0

0 0 1
√

ω2
0 0 0

λ2

1
+2c2+1

s1

−ω2

1
+2c2+1

s2
0

λ2

1
+2c2+1

s1
0 0

λ3

1
+(1−c2)λ1

s1
0 0

−λ3

1
−(1−c2)λ1

s1

−ω3

1
+(1−c2)ω1

s1

λ2

1
+2c2+1

s1

0 0 0 0 0
√
ω2



















BDI



 !"#"

s1 = (2λ1((4+3c2)λ
2
1+4+5c2−6c22))

1

2 , s2 = (ω1((4+3c2)ω
2
1−4−5c2+6c22)

1

2 ,

$"%&"' ( ')*+,"-./- -!(&0" 12 3(#/(4,"' .!(.5 $"&1./&0 z = (q1, q2, q3, p1, p2, p3)
.!" &" -11#$/&(."'5 -('.' .!" 6(*/,.1&/(& 7 /&.1

H = λ1q1p1 +
ω1

2
(q22 + p22) +

ω2

2
(q23 + p23). 89:

;!" (&(,)'/' 12 .!" <1 12 .!" ,/&"(#/="$ ')'."* /& .!" ">?/,/4#/?* #"0/1& R5
$"."#*/&"$ 21# +1'/./3" h (&$ c 4) H = h (&$ |q1 − p1| ≤ c5 -(& 4" +"#21#*"$

&1./&0 .!(.5  !"& q1p1 6= 05 .!" +#1@"-./1&' 12 .!" 1#4/.' /& .!" q1p1A+,(&" ,/"
1& .!" 4#(&-!"' 12 !)+"#41,(' q1p1 -1&'.(&.5 '/&-" q1p1 /' ( %#'. /&."0#(, 12
.!" ,/&"(#/="$ ">?(./1&B C&" .!?' $/'./&0?/'!"' 21?# -(."01#/"' 12 1#4/.' DEFG

• .!" +1/&. (q1, p1) = 0 -1##"'+1&$' .1 (& /&3(#/(&. HA'+!"#" S3
h 12  !"#$%$

!& '()5

• .!" *)+,-(!('. !& '() 0(.!"# .!" '.(4," (&$ ?&'.(4," *(&/21,$' 12 S3
h5

#"'+"-./3",) $"&1."$ W s
±(S

3
h) (&$ Wu

±(S
3
h) (&$ 0/3"& 4)

W s
±(S

3
h) = {

ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) = h, q1 = 0, p10}

Wu
±(S

3
h) = {

ω1

2
(q22 + p22) +

ω2

2
(q23 + p23) = h, p1 = 0, q10}

• .!" !)+"#41,/- '"0*"&.' q1p1 = -1&'.(&. > 0 -1##"'+1&$ .1 (&*#)'( !& '()5

• .!" !)+"#41,/- '"0*"&.' q1p1 = -1&'.(&. < 0 -1##"'+1&$ .1 #!#/(&*#)'(

!& '()B

I". ?' *"&./1& .!(. .!" &1&A,/&"(# $)&(*/-' /& .!" J"0/1& R /' >?(,/.(./3",)

.!" '(*" .!(. .!" ,/&"(# 1&"5 '"" DEFB K& .!/' -('"5 .!"#" "L/'.' ( &1#*(,,) +"#1$/-

/&3(#/(&. *(&/21,$ Mh
3  !/-! './,, !(' '.(4," (&$ /&'.(4," *(&/21,$'  !/-! -(&

4" (++#1L/*(."$ 4) .!" /&3(#/(&. *(&/21,$' W s
±(S

3
h) (&$ Wu

±(S
3
h)5 .!" &1&A

,/&"(# ."#*' 4"/&0 *?-! '*(,,"# .!(& .!" ,/&"(# 1&"' /& ( &"/0!41#!11$ 12 .!"

-1,,/&"(# +1/&.B

 !"#$%& '(#)&(* +,+)$- .")/ $#$&0, '(+) %&(1#2

)/$ 3("#) !
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M#1* &1 1&5  " 21-?' 1& '.?$)/&0 .!" -1&.#1,,"$ $)&(*/-' (#1?&$ .!" I(A

0#(&0/(& +1/&. L1B C?# (/* /' .1 -1*+?." "&"#0)A*/&/*(, .#(&'2"#' #"(-!/&0

.!" +1'/./3" 4#(&-! 12 .!" /&'.(4," *(&/21,$' Wu
+(S

3
h) 2#1* .!" +1'/./3" 4#(&-!

12 .!" '.(4," *(&/21,$' W s
+(S

3
h)B K&$""$5 W

s
+(S

3
h) 8#"'+B W

u
+(S

3
h): /' ( $)&(*A

/-(, -!(&&",  !/-! -1&&"-.' .!" N(#.!O' 8#"'+B P11&O': (..#(-./1& (#"( (&$ (

-,1'"$ &"/0!41#!11$ 12 L1 (' ./*" /&-#"('"' 8#"'+B $"-#"('"': .!(. @?'./%"' .!"

/&."#"'. 12 '?-! .#(&'2"#' 21# $"'/0&/&0 ,1 A"&"#0) N(#.!AP11& .#(@"-.1#/"'B I".

?' '.(#. 4) /&3"'./0(./&0 .!" ,/&"(#/="$ -1&.#1, ')'."*

ẍ− 2ẏ − (1 + c2)x = u1, ÿ + 2ẋ+ (c2 − 1)y = u2, z̈ + 2c2z = u3. 8Q:

RS7



 !"#! "$ %&'(")*+ (++"), #%)'-%. '*-/$ ") '!* *01('"%)$ %2 /%'"%) 34 5!1$6 '!*

7(/".'%)"() 21)#'"%) 8 &*#%/*$

H =
1

2
(p2x + p2y + p2z) + ypx − xpy + c2(x

2 +
y

2
+

z

2
)− u1x− u2y − u3z. 9:;

<==.>"), '!* $>/=.*#'"# #!(),* %2 ?(-"(&.* A6 *01('"%) 3 #() &*  -"''*)

ż = Az +Bu 9@;

 !*-*

B =





















2λ1

s1

λ2

1
−2c2−1
s1 0

2ω1

s2

−ω2

1
−2c2−1
s2 0

0 0 0
2λ1

s1

λ2

1
−2c2−1
s1 0

0 −
ω2

1
−2c2−1λ1

s1 0
0 0 1√

ω2





















.

A%)$"+*-"), )% #%)$'-(")'$ %) '!* #%)'-%. &%1)+6 '!* B(./() #%)+"'"%)6 $** C@D6

($$*-'$ '!(' '!* $>$'*/ @ "$ #%)'-%.(&.*4 E*' 1$ FG ( '-()$2*- '"/* tf 4 5!*-*2%-*6

+*'*-/")"), () *)*-,>H/")"/(. '-()$2*- 2-%/ W s
+(S

3
h) '% Wu

+(S
3
h) #%)$"$'$ ")

$%.?"), '!* 2%..% "), .")*(- %='"/(. #%)'-%. =-%&.*/  "'! 01(+-('"# #%$'

ż = Az +Bu

minu(.)∈R2

∫ tf
t0

u2
1 + u2

2 + u2
3dt

z(0) ∈W s
+(S

3
h)6 z(tf ) ∈Wu

+(S
3
h).

9I;

J*' z0 ∈ W s
+(S

3
h)4 K-%/ '!* $'()+(-+ .")*(- 01(+-('"# /(G"/1/ =-")#"=.*6 $**

C@D6 '!*-* *G"$'$ () 1)"01* %='"/(. #%)'-%. u∗ $%.?"), IL '!* #%--*$=%)+"), %='"H
/(. -*$=%)$* z∗ ()+ (+M%")' ?*#'%- η∗ ∈ T ∗z∗W s

+(S
3
h) (-* 2%1)+ ($ ()> $%.1'"%)$

%2 '!* $>$'*/

ż = Az +BBT ηT , η̇ = −ηA
z(0) = z0, z(tf ) ∈ ∂Wu

+(S
3
h)

η(tf ) "$ ")'*-"%- )%-/(. '% Wu
+(S

3
h) (' z(tf ).

9NO;

()+ u∗ "$ ,"?*) &>
u∗(t) = BT ηT (t). 9NN;

P"?*) () ")"'"(. η0 ∈ T ∗z0W
s
+(S

3
h) $1#! '!(' (zf , ηf ) 21..F.$ '!* F)(. '-()$?*-$(."'>

#%)+"'"%) %2 '!* $>$'*/ NO6 '!* $%.1'"%) %2 '!* .")*(- +"Q*-*)'"(. $>$'*/ NO "$

(

z(t)
η(t)

)

= exp
t





A BBT

0 −AT




(

z0
η0

)

9NR;

()+ $1&$'"'1'"), ") NN6 '!* %='"/(. #%)'-%. #() &* *G=."#"'.>  -"''*)

u∗(t) =





2λ1

s1
(η0

q1
e
−λ1t + η

0
p1
e
λ1t)− 2ω1

s2
(η0

q2
cos(ω1t) + η

0
p2

sin(ω1t))
λ2

1
−2c2−1

s1
(−η0

q1
e
−λ1t + η

0
p1
e
λ1t)−

ω2

1
+2c2+1

s2
(η0

p2
cos(ω1t)− η

0
q2

sin(ω1t))
1
√

ω2
(η0

p3
cos(ω2t)− η

0
q3

sin(ω2t))



 .

 !"



 !"# $% &%&'&$( $)*+&%' η0 "$% ,- )-'-./&%-) &%'-0.$'&%0 ,$"12$.)3 $ 4&""$'&

/$'.&"&$( -5!$'&+%6 3-- 789: ;%)--)6 3&%"- Wu
+(S

3
h) &3 $ "<(&%)-.6 '#- "+%)&'&+%

η(tf ) &3 &%'-.&+. %+./$( '+ Wu
+(S

3
h) $' z(tf ) &%=+(=-3

η∗T (tf ) = −z
∗T (tf )Q >?@A

2#-.- '#- /$'.&B Q &3 0&=-% ,<

Q =

















0 0 0 0 0 0
0 kω1 0 0 0 0
0 0 kω2 0 0 0
0 0 0 0 0 0
0 0 0 0 kω1 0
0 0 0 0 0 kω2

















$%) '#- "+%3'$%' k &3 3'&"'(< C+3&'&=-:  &%"- '#- "+!C(- (z∗, η∗) 3$'&3D-3

ż = Az +BBT ηT , η̇ = −ηA

+%- "$% 3#+2 '#$'

η∗(t) = z∗T (t)E(t)

2#-.- E &3 '#- 3+(!'&+% +E '#- 4&""$'& /$'.&"&$( -5!$'&+%

Ė = −ATE − EA− EBBTE

E(tf ) = −Q.
>?FA

G#- +C'&/$( "+%'.+( u∗ &3 "+%3-5!-%'(< $ E--),$"1 "+%'.+( 0&=-% ,<

u∗(t) = BTE(t)z(t)

$%) &%'-0.$'&%0 ,$"12$.)3 '#- -5!$'&+% ?F $((+23 '+ +,'$&% '#- $CC.+C.&$'-

&%&'&$( "+%)&'&+%

η∗(0) = z∗T0 E(0).

 !"#$%&'()")(*+ ,$*"-.#$- /0(12,*,)0"- *$02"3

,4# 10)", 5
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H-' !3 %+2 "+%3&)-. '#- %+%I(&%-$. "+%'.+( 3<3'-/ &% '#- =&"&%&'< +E L1

ẍ− 2ẏ − (1 + c2)x =
∂

∂x

∑

n≥3

cnρ
nPn(

x

ρ
) + u1

ÿ + 2ẋ+ (c2 − 1)y =
∂

∂y

∑

n≥3

cnρ
nPn(

x

ρ
) + u2

z̈ + 2c2z =
∂

∂z

∑

n≥3

cnρ
nPn(

x

ρ
) + u3

>?JA

2#&"# &3 )-.&=-) E.+/ K: L3 2- /-%'&+%%-) C.-=&+!3(<6 '#- &%=$.&$%' /$%&I

E+()3 +E '#- (&%-$. )<%$/&"3 %-$. L1 $.- 0++) $CC.+B&/$'&+%3 +E '#- &%=$.&$%'

/$%&E+()3 '#$' -B&3' &% '#- %+%I(&%-$. )<%$/&"3 "$3-: G#&3 &3 2#< 2- 1--C '#-

?KM



 !"#$%$&# &' W s
+(S

3
h) (# Wu

+(S
3
h) )! *(+! $# ,!-%$&# ./ 0&1 %2! ,(3! &' ,$45

67$-$%89 )! $#+!,%$*(%! %2! 61&:7!4 &' -&46;%$#* !#!1*854$#$4(7 %1(#,'!1, '1&4

%2! ,;:4(#$'&7 W s
α(S

3
h) )2!1! α $, ( ,%1$-78 6&,$%$+! -&#,%(#% (# p1 $, ,!% %&

α9 %& Wu
α (S

3
h) )2!1! q1 $, ,!% %& α/ <#-! (*($#9 %2! %1(#,'!1 %$4! tf $, "=! 

(# #& -&#,%1($#%, &# %2! -&#%1&7 :&;# (1! -&#,$ !1! / >!!6$#* %2! #&%(%$&#

z = (q, p) = (x, y, z, px, py, pz)9 %2! &6%$4(7 -&#%1&7 61&:7!4 )! (1! $#+!,%$*(%$#*
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